
ISRAEL JOURNAL OF MATHEMATICS 137 (2003), 61-108 

CAYLEY GRAPHS HAVING NICE ENUMERATIONS 

BY 

A. A. IVANOV 

Institute of Mathematics, Wroctaw University 
pl. Grundwaldzki 2/~, 50-384 Wroctaw, Poland 

e-mail: ivanov@math.uni.wroc.pl 

ABSTRACT 

Let W be the Cayley graph of an infinite finitely generated group and 

M be a finite cover of W. It is proved in the paper  that  Th(M) is 

finitely axiomatizable over W if W has a nice enumerat ion (in the sense 

of G. Ahlbrandt  and M. Ziegler). A finitely generated free abelian group 

provides such an example. It is shown that  in the non-abelian case the 

corresponding examples are rather  rare. In particular, in the soluble case 

they must  be virtually abelian. We discuss the finite model property  for 

finite covers of Cayley graphs of virtually abelian groups and the existence 

of nice enumerat ions for strongly minimal s tructures in general. 

0. I n t r o d u c t i o n  

Let W be a transitive structure of bounded valency (for example, a coloured 

locally finite graph), F be its infinite component and G = Aut(F). Let 7r: F1 -+ F 

be a finite cover of P (see [7] or definitions below), where F1 is a transitive struc- 

ture of bounded valency. Then 7r induces a surjective homomorphism p: G1 -- 

Aut(F1) --+ G. The main questions that  we consider are as follows. When is the 

finite cover F1 finitely axiomatizable over the base F '? When does F1 have the 

finite model property (for any sentence ¢ holding in F1 there is a finite structure 

M such that  M ~ ¢) ? 

Questions of this kind frequently arise in model theory. Several very deep 

results were obtained (mainly by Ahlbrandt,  Ziegler and Hrushovski) for many 

w-categorical structures (see [2], [14] and [4]). The present paper  is an a t tempt  

to extend these results to the non-w-categorical case. 
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In some sense finite covers of structures of bounded valency have a group- 

theoretic origin. Any homomorphism of finitely generated groups p: G1 --+ G 

with finite kernel can be considered as a finite cover of the Cayley graph of G. 

Any typical question arising in this situation (splitting, '~-by-finite = finite-by- 

?') naturally extends to a question on finite covers. For example, for finitely 

presented G and G1, the possibility of lifting residual finiteness from G to G1 is 

equivalent to the statement that  the finite model property for the Cayley graph 

of G implies the finite model property for the Cayley graph of G1 (see Section 

4). 

A well-known theorem of P. Hall states that  a finite-by-nilpotent group is 

nilpotent-by-finite (virtually nilpotent) [9]. In particular, finitely generated finite- 
by-nilpotent groups are residually finite (by another theorem of Hall finitely 

generated virtually abelian-by-nilpotent groups are residually finite [10]). Does 

a finite cover of the Cayley graph of a nilpotent group have the finite model 

property ? The confirmation can be considered as a version of Hall 's theorem 

for infinitely generated groups. We shall prove in Section 4 that  a finite cover 

with finite kernel of the Cayley graph of a finitely generated nilpotent group has 

the finite model property. Moreover, if the group is virtually ~ Z 2, then the 

assumption of kernel finiteness can be removed. Notice that  in the latter ease 

the automorphism group of the cover is not necessarily finitely generated. 

Throughout the paper the case of Cayley graphs of virtually abelian groups 

is in the centre of our study. The reason comes from the fact that  they (and 

their finite covers) are the only known non-w-categorical structures with a nice 
enumeration. That  is the key notion of the paper. 

Nice enumerations were introduced by G. Ahlbrandt and M. Ziegler in [2] and 

were based on the approach of G. Higman from [12]. In Section 2 we prove that  

if 7r: M ~ W is a finite cover of bounded valency and M has a nice enumeration, 

then there exists a sentence ~ such that  Th(M) is axiomatized by {q~} U Th(W). 
In Section 4 we apply this theorem to finite covers of Cayley graphs of abelian 

groups. We show that  if a cover admits a good notion of envelope (as in [5]), 

then it has a covering expansion with finite kernel. 

The existence of envelopes is a strong version of the finite model property. In 

Section 4 we give some examples which show that  an envelope is not easy to 

construct (even in the case of finite covers with finite kernels). We also show 

that  a nice enumerable structure may have a finite cover with infinite kernel and 

without proper covering expansions. This can be considered as a strong version of 

non-splitting; the situation cannot be reduced to the cases of superlinked covers 
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and free covers as frequently happens for w-categorical structures [7]. 

In Section 3 structures of bounded valency without nice enumerations are ob- 

tained. This shows that there are cases where the most natural (and still unique) 

approach to relative finite axiomatisability does not work. We give the divid- 

ing line in the case of Cayley graphs of virtually solvable groups: only Cayley 

graphs of virtually abelian groups have nice enumerations. The proof involves 

some non-trivial algebraic material due J. H. Wolf [28]. 

It is worth noting that nice enumerations have become a notion interesting 

independently from relative finite axiomatizability. D. Evans was the first who 

considered them in full generality (and without the assumption of w-categoricity). 

In [3] he together with A. Camina gives a useful connection with permutation 

modules. Applications to chain conditions in covers and to 'Ziegler's Finiteness 

Conjecture' (even in the non-w-categorical case) can be found in [6] and [7]. 

It is shown in [18] that any disintegrated strongly minimal structure of a finite 

language can be considered as a structure of bounded valency. Thus our results 

work for disintegrated strongly minimal structures in general. In Section 5 we 

study what happens if the strongly minimal structure is not disintegrated. We 

prove that a locally modular strongly minimal group having a nice enumeration 

is w-categorical. Applying some valuation theory we prove a similar statement 

in the case of a n n e  spaces over division rings. We also discuss the non-locally 

modular case. 

In some sense the results of the paper are negative. It turns out that  the only 

known non-w-categorical, strongly minimal structures with a nice enumeration 

are finite covers of Cayley graphs of virtually abelian groups. The results of Sec- 

tions 3 and 5 show that it is very difficult to obtain any new example; in general, 

finite covers of strongly minimal structures should be studied by methods not 

applying nice emlmerations. On the other hand, already in the case of Cayley 

graphs of virtually abelian (nilpotent) groups problems of quasi (relative) finite 

axiomatizability look very deep and involve a lot of algebraic material. The re- 

sults of Section 4 suggest that  some questions usually arising in the w-categorical 

case (splitting and finiteness of cohomology groups) become natural here. 

ACKNOWLEDGEMENT: The author is grateful to David Evans for interesting 

discussions and to the referee for useful suggestions. 

The research was partially supported by KBN grant 2 P03A 007 19. 



64 A.A. IVANOV Isr. J. Math. 

1. S t r u c t u r e s  o f  b o u n d e d  v a l e n c y  a n d  t h e i r  f in i te  covers  

Let W be a transitive co-saturated strongly minimal structure. Let zr: M ~ W 

be a surjection such that  the equivalence relation E~ induced by zr is definable 

in M. Assume that  the set of all relations 0-definable in W coincides with the 

set of all relations on M/E~ which are 0-definable in M (here W is identified 

with M/E~). In this case we say that  M is a f in i te  cove r  of W if Aut(M) 
induces Aut(Wl on W and all fibres M(w) = ~r-l(w) are finite. Then it is clear 

that  the E~-classes are of the same size and the structure M is almost strongly 

minimal. The group of automorphisms fixing W pointwise, Aut(M/W),  is called 

the ke rne l  o f  t h e  cove r  Ker(rr). Since the E~-classes are finite, the kernel 

is profinite. If the kernel is finite we say that  the cover is s u p e r l i n k e d .  The 

cover sp l i t s  if there is a closed subgroup in Aut(M) covering Aut(W) and having 

trivial intersection with the kernel. We now give examples which are central in 

the paper. 

Example: Let G be an infinite group generated by {91, . . - ,  g, , . . .}-  We consider 

the Cayley graph of G as a binary structure g a  = (G, R1 . . . . .  R~ . . . .  ) where 

(a,b) C Ri ~ agi = b. Then Aut(Fa) = G under the left action. Let D 

be a finite set and r = F a  x D. We consider r as a two-sorted structure in 

a language consisting of the relations of ra, the projection zr: F --+ F a  and 

finitely many binary relations defining a (coloured) locally finite graph. We 

require that  any automorphism of FG extends to an automorphism of F. The 

disjoint union of eountably many copies of this structure forms an co-saturated 

almost strongly minimal model of Th(r, re) which is a finite cover of the strongly 

minimal saturated structure W consisting of countably many copies of Fa.  

I t  is worth noting that  the relations Ri can be considered as unary functions 

and then it is easy to see that  T h ( F c )  has quantifier elimination. The latter 

implies that  if Th(ra) admits a finite language then G is finitely generated. 

On the other hand, notice that  any homomorphism of finitely generated groups 

p: G1 --+ G with finite kernel creates such a cover Fal  --+ r a  in a finite language 

and with finite kernel. We may claim that  finite covers of finitely generated groups 

(with a finite language) form a natural  family of group extensions located between 

the properties finite-by-(finitely generated) and profinite-by-(finitely generated). 

Then the following questions look central. 

Let 7r: F --+ Fo be a finite cover as above. Is there an expansion of the structure 
F which is a cover Fa with a finite kernel (in other words, is the profinite- 
by-(finitely generated) ease reducible to the finite-by-(finitely generated case)) ? 
When does the group extension Aut(r) ~ a split ? We shall show in Section 4 
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that the solutions to these questions depend on the situation. 

1.1. STRUCTURES OF BOUNDED VALENCY. The main results of the paper are 

formulated for structures of bounded valency. The definition is as follows. Let 

N be an infinite structure of a finite relational language L. We say that N is of 

b o u n d e d  va l ency  if there is a natural number k such that for any r G L and 

a C N the size of the set {b c N: a C b,b ~ r(2)} is not greater than k. 

For a, b c N we can define the d i s t ance  d(a, b) to be the least number n such 

that there are tuples ~1,- • •, Cn realizing basic relations of L such that a E ~1, b E 

Cn and for every i < n the set ~ M ci+l is not empty. A c o m p o n e n t  of N is 

a maximal subset A such that the distance between any two elements of A is 

defined. For C1, C2 C N we define d(Ct, C2) = min(d(cl ,  c2): ct e C1, C2 C C2). 

For C~ = (al . . . . .  an) C N the t-ball B(t ,  ~) is the set of all b E N such 

that d(g, b) _< t. All t-balls are finite and described as L-structures by so-called 

spher ica l  formulas :  ¢(2) is spher ica l  with respect to t if it describes the iso- 

morphism type of the t-ball of 2 as an L-structure with constants corresponding 

to 2. The following proposition has been proved in [11, 21]. 

PROPOSITION 1.1: (1) Any  formula is equivalent in T h ( N )  to a Boolean 

combination of spherical formulas. 

(2) Given a finite language L and natural numbers s and n there are natural 

numbers Jl(s, n) and J2(s, n) such that if  L-structures N and N'  have valency 

not greater than s and for any isomorphism type r Of Jl (S, n)-balls of points they 

satisfy the same sentences of the form "there is a set of the size i of J~ ( s, n )-balls 

of the type r that are distant from each other by at least J2(s, n)", i <_ n + 1, 

then the structures N and N t satisfy the same sentences containing not greater 

than n quantifiers. 

Note that if N is strongly minimal and non-w-categorical then all non-algebraic 

components in N are infinite, transitive and pairwise isomorphic. Since a totally 

categorical theory is not finitely axiomatisable we have the following corollary. 

COROLLARY 1.2: Let N be w-saturated, strongly minimal and finitely axioma- 

tizable. Then there is a natural number t such that the theory of a non-algebraic 

component in N is axiomatized by the sentence describing the t-ball of a point. 

1.2. FINITE COVERS OF STRUCTURES OF BOUNDED VALENCY. If M -+ W is a 

finite cover of a structure of bounded valency, then the connected components of 

W induce a partition of M. In the proposition below we describe when M is of 

bounded valency and this partition consists of the connected components of M. 
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PROPOSITION 1.3: Let 7r: M --+ W be a finite cover of a strongly minimal tran- 

sitive structure W.  Assume that W and M are structures of finite languages. 

(1) I f  M is a structure of bounded valency then W admits a finite language of 

bounded valency. 

(2) I f W  is a structure of bounded valency then there is a set L of relations of 

bounded valency O-definable in M which induce the relations of W and have the 

property that the type (in M)  of any tuple of elements of the same L-component 

in M is determined by formulas from L. 

(3) Let W be of bounded valency and L be as in (2). I f  M is co-saturated 

and any two M-automorphisms of any two L-components of M have a common 

extension in Au t (M)  then M is a structure of some finite language Lo C L. 

Proof: (1) Let M be a structure of bounded valency. W.l.o.g. we may assume 

that M is co-saturated. We consider M in the language of all spherical formulas 

¢(2) such that  if ¢(2) describes the t-ball of 2 then it asserts that  all elements 

of 2 are in the t-ball of one of them. Now to every relation Ri of the language 

of M we associate the relation rr(Ri). The latter is 0-definable in W and has 

bounded valency. Since W is c~-saturated, it suffices to show that any finite map 

in W preserving all formulas in the language of the relations 7r(Ri) is elementary 

in W. 

If 8, b C W satisfy the same formulas of the form lr(Ri) then by the definition 

of formulas R~, for any t, the t-balls of M(5) and M(b) (M(~) denotes 7r-l(~)) 

are isomorphic under a map taking ~ onto b. By Proposition 1.1 this means that 

some enumerations of M(~) and M(b) agreeing with the tuples ~ and b have the 

same types in M. Since M is a cover of W, the tuples ~ and b have the same 

type in W. 

(2) Let W be a structure of bounded valency and consider W in the language 

of all spherical formulas defined as in (1) (for all t E a;). Then to every relation Ri 

of bounded valency definable in W we associate a finite sequence ri,j, 1 <_ j <_ li, 

of all possible types of T h ( M )  over 0 such that if b ~ ri,j then there exists ~ ~ Ri 

such that  b C M(a).  Since M is a finite cover and W is transitive, any 1-type of 

M is determined by a formula. Since any Ri is of bounded valency the same is 

true for all ri,j, 1 <_ j <_ li. So any r~ 4 is determined by a formula. It is easily 

seen that  the corresponding formulas form a required language L. 

(3) Let 0~ and D from M have the same length and the corresponding subtuples 

satisfy the same formulas of the form rid. By Proposition 1.1 the tuples 7r(a) and 

7r(b) have the same type in W. Since M is a cover of W there are enumerations 

of M(rr(a)) and M(Tr(b)) which have the same types in M. Now using (2) and 
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the assumptions of  (3) we get tha t  ~ and b have the stone type in M.  Since 

M is w-saturated and has finite language we can find a language L0 as in the 

s ta tement  of (3). | 

I t  follows from Proposi t ion 1.3(1) and a remark in the beginning of Section 1 

tha t  if a finite cover of the Cayley graph of a group G admits  a finite language 

of bounded valency then G is finitely generated. 

From now on we consider covers ~: M -+ W,  where M, W are defined as in 

Proposi t ion 1.3(3). The reason is tha t  we are interested in the si tuation when M 

is of bounded  valency. This is the case of the following cover. Let F be an infinite 

component  of  an w-saturated s tructure W of bounded valency and ~r :  F -~ F 

be a finite cover of F where F also is a s t ructure of bounded valency. If  M is an 

w-saturated s t ructure  of  the theory Th(F) then 7rr induces a cover 7r: M --~ W 

satisfying the assumptions of Proposi t ion 1.3(3). 

1.3. CONSTRUCTION. ~C now give a construct ion producing a cover for any 

structure of bounded valency. This provides natural  examples of covers. More- 

over, the construct ion will be applied later in the paper.  

Let W be a transit ive structure of bounded valency in a finite language L and 

t be a natural  number.  We assume tha t  any component  of W is infinite. Let 

w E W and '5~ be an enmnerat ion of B(t ,  w), where w is the first. Let W p be 

the set of all tuples realising p = tp(~y/O). Define 7r: .dJ -+ w. For any relation 

R of W we define/~ on W ~ to be 7r-1 (R). We also include in the language the 

equivalence relation E~ on W p induced by 7r and the relation I(ff~, t b l , . . . ,  d,k) 

asserting tha t  '& = (w, w~ . . . . .  wk). Then W p becomes a s t ructure  of bounded 

valency. The map ~ induces a finite cover of W. It  is easily seen tha t  the kernel 

of rc is trivial. 

LEMMA 1.4: (1) I f  W is axiomatizable by the type of its t-balls then W p is 

axiomatizable by the type of its 1-balls. 

(2) The structure W p is finitely axiomatizable if  and only if  W is finitely 

axiomatizable. 

Proof" (1) Let M have the same 1-balls as W p. If  S.~, is the set of all M-elements  

/ -adjacent  to '5, then the re la t ions/~ define a s t ructure  on S~/E~ isomorphic to 

the s t ructure  in W p defined in the same way. The latter contains a t-ball of an 

element of W. This shows tha t  T h ( M / E ~ )  = Th (W) .  A sequence .9, f~l . . . .  , vk C 

St, realising I in M defines an enumerat ion of the t-ball of the element ~/E~ in 

M/E~.  Since M and W p have the same 1-balls, the relation I is recovered by 

this enumerat ion and the R-s t ructure  of M/E~.  Thus T h ( M )  = Th(WP).  
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(2) Let s be a natural number such that  if the s-balls of points in a structure 

W'  are isomorphic to B(s, w), w • W; then Th(W' )  = Th(W) .  I t  is easy to see 

that  if a structure M has the same s-balls as W p then Th(M/E~)  = Th(W) .  As 

above this guarantees that  Th(M)  = Th(WP). 

The necessity follows from the construction of W p in W. | 

We now assume that  the stabilizer Aut (W/w)  is finite. Then there is a number 

t such that  any isomorphism from B(t, w) onto itself has a unique extension in 

Aut (W/w) .  The action of Aut(W)  on the corresponding structure W p has trivial 

point-stabilizer. 

Let l := [ 7r-l(w)] • Notice that  if a structure W' has the same (2t + 1)- 

balls as W, then there is a natural  structure (denoted by (W')  p) defined on 

W' × { 1 , . . . , l }  of the language of W p with the same 1-balls as W p. Indeed, let 

7~ on (W')  p be the projection onto W'  and E~ be the corresponding equivalence 

relation. For a relation R of W' define /~ := ~ - I ( R ) .  For any w' • W'  we fix 

a 1-1 correspondence between all p-enmnerations of B(t, w') and ~ - l ( w ' ) .  Then 

we define the relation I as in the case of W p. Taking an isomorphism from 

B(2t + 1,w') onto B(2t + 1,w) one can see that  the relation I on the set of all 

tuples meeting 7r-l(w ') is a copy of the corresponding relation on W p. Similar 

arguments prove the following lemma. 

LEMMA 1.5: Let W,  t and p be as above. I f  a structure W'  has the same 

(2tl + 1)-balls as W, then the structures W p and (W') p have the same l-balls. 

Ira  structure M has the same 1-balls as W p, then M/E~ and W have the same 

l-balls. 

2. N i c e  e n u m e r a t i o n s  a n d  f in i te  a x i o m a t i z a b i l i t y  over  t h e  b a s e  

2.1. NICE ENUMERATIONS. The following notion was introduced in [2] (in a 

slightly different form) as a technical tool for finite covers of strictly minimal 

w-categorical structures. 

An enumeration {w0, w l , . . . }  of a permutat ion structure (G, W) 

(G = Aut (W))  is an A Z - e n u m e r a t i o n  if the set E = {(w, S): (w, S) 

is a G-conjugate of some pair (wn, {w0 . . . .  , wn-1})} (the set of nice 

pairs) satisfies the following conditions: 

(1) any P C E contains a finite set P0 such that for any (w, S) E P 

there are (w', S ')  E Po and a • G such that  a(S') C_ S and a(w') = 

w; 
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(2) for all k there is k ~ such tha t  between any pair  of sets T C S, 

where S is nice (i.e., (w, S) is a nice pair  for some w) and I TI < k, 

we can find a nice set S ~ with I S~I < kl. 

We say t ha t  an enumera t ion  of W is n i c e  if it satisfies the first condit ion of 

the definition of AZ-enumerat ions .  I t  is clear tha t  this condit ion is equivalent to 

the condit ion tha t  any P C E does not have an infinite anti-chain with respect  

to the quasiorder defined by: 

(w', s ')  <* (w, s )  e = w A c_ s) .  

The  definition implies tha t  a s t ructure  realizing infinitely m a n y  1-types (for 

example,  having infinite acl(O)) does not have a nice enumerat ion.  I t  is worth  

not ing tha t  a finite cover C -+ W of a s t ruc ture  having a nice enumerat ion ,  has 

a nice enumera t ion  too (see Section 7.2.2 of [7]). 

I t  is easily seen tha t  the existence of an AZ-enumera t ion  implies co-categoricity 

of W. However, it is not hard  to find a non-co-categorical s t ructure  having a 

nice enumera t ion  (see Section 3). On the other  hand,  in order to apply  nice 

enmnera t ions  to finite covers of non-co-categorical s t ructures  (using the me thod  

of [2]) we want  nice enumerat ions  to satisfy some variants  of (2). In the case of 

s t ructures  of bounded  valency it can be done as follows. 

We say tha t  an enumera t ion  of (G, W) is a r e g u l a r  enumera t ion  if 

for all k there is k'  such tha t  between any pair  of sets S I c S, where 

(w, S) is a nice pair  and S' is a subset  of the k-ball  of w, we can find 

a nice set T of size < k ~ such tha t  (w, T) is a nice pair. 

For tuna te ly  nice enumerat ions  are regular.  

PROPOSITION 2.1: Let  W be a transitive connected structure of bounded 
valency. Then any nice enumeration of W is regular. 

Proof" Let we, W l , . . .  be a nice enumerat ion.  Suppose tha t  the enumera t ion  is 

not  regular.  Then  there exists a na tura l  number  k and an infinite sequence of 

triples (Ai U {vi},Si, Ti) with ] To] < ] T1] < . . . ,  such tha t  (vi,Si) is a nice 

pair, Ai C_ B(k, vi) N Si and Ti is a smallest  subset  of Si such tha t  Ai G Ti and 

(vi, Ti) is a nice pair. 

By boundedness  of valency we m a y  assume tha t  all Ai are of the same size 

and can be enumera ted  as 5i such t ha t  the tuples viSi have the same type.  Since 

the sequence (vi, Ti) consists of nice pairs of  a nice enumerat ion,  one can find a 
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subsequence increasing with respect to the quasi-order <*. We may now assume 

that  the sequence (vi, Ti) is linearly ordered by <*. 

Let I be the maximal distance from vi to an element of Ai. By boundedness 

of valency we may assume that  for any i < j ,  if a embeds Ti into Tj and takes vi 
to vj, then c~ maps Ti N B(1, vi) onto Tj A B(l,  vj). Then any ~ E Tj of the type 

tp(~tj/vj) has a preimage under cu. 

Let n E w. Suppose that  for any i < j _< n any c~ as above does not take 5i to 

hj. Then Tn-1 contains a tuple ~ (a preimage of an) such that  for any i < n - 1 

any c~ realising the embedding (vi, Ti) <_* (vn-1, Tn-1) does not take ai to ~. 

Taking an appropriate embedding of T~-2 into Tn-1 we find dl and d2 E Tn-2 

(the preimages of ~ and a n - l )  such that  for any i < n - 2 any c~ realising the 

embedding (vi, Ti) <_* (v~-2, Tn-2) does not take ai to ell or d2. 

This procedure creates n pairwise distinct tuples in To A B(l, Vo). By bounded- 

ness of valency we now see that  there are i < j and an embedding c~ : (vi, Ti) -+ 
(vj,Tj) which takes 5i to 5j. Since Is (T/) [  < I T j l ,  we obtain a contradiction 

with the definition of Tj. | 

2.2. FINITE AXIOMATIZABITY OVER THE BASE. We now describe the situation 

of the main result of this section. Let W be a non-w-categorical strongly minimal 

transitive structure of bounded valency and let F be its infinite component. Let 

G = Aut(F) and E be a G-invariant finite equivalence relation on F (not neces- 

sarily definable) and Go be the subgroup of G consisting of all automorphisms 

fixing the E-classes. Let Fo be an E-class. Assume that  Go is transitive on F0 

and there are 0-definable in W re la t ions /~  of bounded valency such that  Fo is a 

connected component under these relations and Go is the automorphism group 

of the corresponding structure on Fo. In this case we say that  F is a f in i te  

e x t e n s i o n  of  (Fo,/~'). Note that  Go is normal in G and its index is finite. The 

main reason for this definition is the following example. 

Example: Let G be an infinite group generated by {gl . . . . .  gn}. Consider the 

Cayley graph ra = (a, R1,. . . ,  Rn) where G = Aut(ra) under the left action. 

Let Go < G be a normal subgroup of finite index generated by {g~ , . . . , g~}  

and F0 = Fao be the corresponding Cayley graph under R ~ , . . . ,  Rim which are 

defined by (a, b) C R~ ++ ag~ = b. Then F a  is a finite extension of F0 and the 

corresponding equivalence relation E consists of cosets of Go in G. 

THEOREM 2.2: Let W be a non-w-categorical, countable, saturated, transitive, 
strongly minima/ structure of bounded valency. Let ~r: M --+ W be a finite 
cover of  W and E~ be the corresponding equivalence relation (O-definable in M).  
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Assume that M is a structure of bounded valency under the language induced 
by W as in Proposition 1.3(3). Let an infinite component r of W be a finite 
extension of a structure F0 and let F0 have a nice enumeration. Then there is a 

sentence c) • Th(M)  such that Th(M)  is axiomatizable by Th(W)  U {~b}. 

Proob We apply the strategy of the corresponding theorem from [2]. Let G = 

Ant(P) and Go = A ut(Fo). Let E be the equivalence relation determined by G 

and Go. Fix a nice enumeration < of Fo and the corresponding set E of nice pairs. 

Enumerate all E-classes of W in the same way up to appropriate isomorphisms. 

In the following lemma we consider elements of I'o with respect to the structure 

M. 

LEMMA 2.3: There is a finite number A such that for ali (w, S) E E there is a 
subset S' C S satisfying [ S'] < A, (w, S') • E and for ~ = 7r-l(w) 

(i) tp(~z/Tr-l(S ') U {w}) implies tp(g/Tr-l(S) U {w}), 

(ii) tp(w/rr-l(S')  ) implies tp(w/7c-l(S) ), and tp(w/S')  implies tp(w/S).  

Proof: Notice that w C acl(S) (by boundedness of valency). By the definition 

of a nice enmneration there are finitely many (wi, Si) C E such that  any nice pair 

contains some (wi, Si) under an appropriate automorphism (as in the definition 

of _<*). This shows that for all nice pairs (w, S) the distance d(w, S) is bounded 

by a fixed number and by boundedness of valency the number of conjugates of 

w over S is also bounded. Now the statement becomes Lemma 4.3 from [2]. The 

proof in [2] uses only the definition of a nice enumeration and works in our case. 
| 

Since the relations of F and F0 are of bounded valency, there exists a number q 

such that the q-ball of any element of F contains an element from Fo. Also note 

that for any a, b E F we have B(q, ab) = B(q, a) U B(q, b). This implies that for 

any (w,S) C E the number I B(q, wS) \ B(q,S)l  is bounded by I B(q ,w) l .  The 

following lemma is a slight modification of Lemma 2.3. 

LEMMA 2.4: The number A from Lemma 2.3 can be chosen so that for all (w, S) E 

E there is a subset S' C S satisfying iS '  I < A, (w, S') • E, B(q, w S ) \ B ( q ,  S) = 
B(q, mS') \ B(q, S') and for if, : B(q, wS) \ B(q, S) and D = 7r-'(ffJ) 

(i) tp(b/Tr-l( B(q, St)) U "ffJ) implies tp(D/Tr-l( B(q, S) ) U ~), 

(ii) tp(.~/rc-l(B(q,S'))) implies tp(ff~/rr-l(B(q,S))), and tp(ff~/B(q,S')) 
implies tp(.ffJ / B ( q, S ) ). 

We now define a new language for M (denoted by L*). For all (w, S) • E 

such that [ SI < I we introduce new relational symbols Rp corresponding to 
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all types p such that  M ~ p ( ~ : , . . .  ,ak) implies that  there are Wl , . . .  ,w I E W 

such that  (wt, {Wl, . . . ,  wl- :})  is a conjugate of (w, S) and for some enumeration 

w : , . . . ,  wk of B(q, {Wl, . . . ,  wi}) we have Ai ai = 7r-~(wi) - Then we interpret Rp 
by p. Notice that  Rp is definable in M and the number of such types p is finite. 

Indeed, tp(S U {w}) is isolated, because it is of rank 1 and W is transitive. Then 

the type p must be of rank 1 and by the same reason is isolated. I t  is clear that  

Rp is of bounded valency. Now the finiteness of the set of types p as above is 

obvious. 

We also assume that  L* contains ~r and the language of W. Let M* be the 

structure M with respect to L*. 

Let Ms and M2 be two L*-structures both having W as the range of 7r. A 

* - m a p  (r between M1 and M2 is a partial isomorphism defined on a set of the 

form 7r-l(B(q, S)) t2 B(q, S) such that  ~ maps B(q, S) elementarily with respect 

to W and S is conjugate with some S'  C F0 with (w, S')  E E for some w. 

LEMMA 2.5: Any .-map between M* and M* is M-elementary. 

Proof: We proceed by induction on the size of S. For S with I SI - )~ we 

have the lemma by the definition of L*. The rest can be done by an application 

of Lemma 2.4 and the argument of Case 2 of the proof of Lemma 4.4 from [2]. 
| 

We can now show that  M and M* are interdefinable. Indeed, M* is definable 

in M by the definition of M*. To prove the converse take an automorphism c~ 

of M*. Let F = ~r-:(P). Then as c~ is elementary on W we have that  c~ maps 

onto some component of M. Since F is the union of an increasing chain of sets 

B(q, S) with (w, S) E E, the component F is the union of an increasing chain of 

the form ~r-l(B(q, S)) u B(q, S). So, c~ on F is an increasing union of *-maps. 

By Lemma 2.5, a is elementary on F. This implies that  a is elementary on every 

component of M. Thus c~ is an automorphism of M. Since M is saturated we 

have that  M and M* are interdefinable. 

We now state the axioms of M*. First note that  by boundedness of valency 

there exists a number ko such that  if 

(a) (w, S')  is a nice pair from F0 with [S'[  < A, 

(b) S" is a G-conjugate of a nice set consisting of < A elements, 

(c) A C B(2q, S") and w E A, 

then A U S' is contained in the ko-ball of w. 
Choose p as k ~ in the definition of a regular enumeration for k = ko and let p~ 

be the maximal size of the q-balls in F of the corresponding p-element subsets 
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T w  C F0 as in that definition. 

We say that a formula of M* is , - quan t i f i e r  f ree  if it is a boolean combination 

of quantifier free formulas and formulas describing the types of B(q,  S) C F such 

that (w, S) c E. Now extend the axioms of W and 7r by the following ones: 

(0) The axiom that  asserts that  a structure is of the valency of M* and de- 

scribes the type of any 7r(Rp) in the language of W (by an apppropriate isolating 

formula). 

(1) All sentences of the form 

V 2 1 , . . . ,  ~ , , ,  wl . . . . .  w , , 0 ( 2 ,  . . . .  , 2 , , ,  wl ,  . . ., w, ,  ) 

which are true in M*, where ¢ is .-quantifier-free. 

(2) All sentences of the form 

! ",WI'(~(Xl," ",Xl,Yl," ,Yl',ffT, ~')  V 3 g l  , . . . , X l ,  W l  . . . . .  W l ~ f ] l ,  " " " , ~]l' , W l  . . . . . .  

which are true in M*, where ¢ is .-quantifier-free, 

l<_max(lS(q,S)[ c ,ISl < ~ )  and l ' < _ l S ( q , w ) l ,  w C F 0 .  

It is clear that the number of axioms in (0), (1), (2) is finite. It remains to 

check that M* is axiomatizable by them modulo T h ( W ) .  

Let M{ be a model of these axioms such that W is the base of M~. We want to 

show that M* and M~' are isomorphic. It suffices to show that  their components 

of the form rr- l(F) are isomorphic. Let f" and 1~1 be the corresponding compo- 

nents in M* and M~ respectively. We shall use the back-and-forth argument. 

(Note that by boundedness of valency forth suffices in our case.) Take the first 

w0 E F0 under the enumeration. The axioms of (2) guarantee the existence 

of w~ • F such that  (Tr-l(B(q,  wo) ) ,B(q ,  wo)) and (n- l (B(q,u?o)) ,B(q,w~o))  

(viewed as appropriate tuples) realise the same *-quantifier-free formulas in M* 

and M{ respectively. Note that by transitivity and (1), we can take w~ = w0. 

The rest of our argument is contained in the following lemma. 

LEMMA 2.6: Let  *-map a between F and F1 be defined on 7 r - l ( B ( q , S ) )  U 

B(q,  S) for some (w, S) C E. Then a can be extended to a *-map defined on 

7 r - l ( B ( q ,  Sw))  U B ( q ,  S w ) .  

Proof: Choose S' C S as in Lemma 2.4. Let S' = {wl , . . . ,wk} ,  B ( q , S ' )  = 

{Wl, . . . ,wl} ,  ai = rr-l(wi) and B ( q , S ' w )  \ B ( q , S ' )  = {w~ . . . . .  w~,},bi = 
71"-- 1 (W~). 
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CLAIM 1: The restriction of dr on B ( q, S') U ~-l(B(q, S')) has a prolongation 

to B(q, S 'w) U i r - ' (B(q ,  S'w)) .  

Indeed, let ¢1 describe the , -qf  type of ~1 , . . . ,  a~, 'u,1 . . . .  ,'wt and 02 describe 

the , -qf  type of 

~1 . . . . .  a t ,  b l  . . . .  , bl , ,  w l  . . . .  , w ,  w ~ , . . . ,  w~, .  

It is easily seen that 

- ! ! 

VYCl, . . ., Ycl, Vl,. . . , vL391,. . ., Yl' , Vl, . . ., vl,(¢l --+ ¢2) 

is an axiom from (2) (apply Lemma 2.5). This together with 

M~ ~ ¢1 (dr(0~l), • •. ,  dr(0~l), dr(w1),.. . ,  dr(wt)) 

gives the claim. 

CLAIM 2: dr U T is a , -map defined on B(q, Sw)  U 7r-l(B(q, Sw)) .  

By Lemma 2.4 the type t p (d / /B (q ,S ' ) )  implies tp(ff~'/B(q,S)). This pro- 

vides that dr U 7- is elementary on B(q, Sw).  It remains to show that (7 U ~" is 

compatible with the predicates Rp. By the definition of Rp it suffices to show 

Rp-compatibility for any restriction of dr U v on 7r-l(B(q, S")) where B(q, S")  c 

B(q, Sw)  and S" is of cardinality not greater than A and is a G-conjugate of some 

initial segment of the nice enumeration. 

Since B(q, Sw) = U{B(q, x ) : x  • S U {w}}, we find A C (SU {w})N B(2q, S") 
such that  B(q, S")  c_ B(q, A). If w • A then B(q, S")  C B(q, S) and is in the 

domain of a. Therefore we assume that w • A. Then the set S f U A is in the 

ko-ball of w (see the definition of ko). By the choice of # there is T C S such 

that S t U A  c T U { w }  and (w,T) is a nice pair of size < #. Now it suffices 

to show that the restriction of a L) 7- on 7r-l(B(q, Tw)) U B(q, Tw)  preserves all 

• -quantifier-free formulas. 

Let ¢2 be as in the previous claim. Let ¢3 describe the . -qf  type of 

7r-l(B(q, T w ) ) U  B(q, Tw)  and ¢4 be the corresponding formula describing the 

• -qf type of 7r- l (B(q ,T))  U B(q ,T) .  Note that if a subset 7r- l (B(q ,T 'w' ) )  U 

B(q, T 'w' )  realises (as an appropriate tuple) ~2 A q~4 in M* then the correspond- 

ing map 

p: 7r-l( B(q, Tw)  ) U B(q, Tw)  --+ 7r-l(B(q, T'w')  ) U B(q, T'  w') ) 

is elementary. Indeed, if Pl is its restriction on ~r -1 (B(q, S 'w)U B(q, S 'w)  and P2 

is its restriction on 7r-l(B(q, T))  U B(q, T)) then both Pl and P2 are elementary 
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by Lemma 2.5. Now by the choice of S ~ we see that  p is elementary. This implies 

that  03 is realised by ~r-l(B(q,T'w'))  U B(q ,T 'w ' ) .  As a result we have that  

02 A ¢4 -+ 03 is an axiom from (1). Since this sentence holds in M~ and r and 

a preserve 02 and 04 respectively, the map a U r on zr-l(B(q, T w ) ) U  B(q, Tw) 

preserves all *-qf fornmlas. | 

To finish the proof of the theorem note that  if M~ is a model of the above 

axioms such that  7r(_~r~) is countably saturated as a Th(W)-model ,  then 7r(M~) 

is isomorphic to W. By Lemma 2.6 the components of M~ are isomorphic to the 

components of M*. Thus M* and M~ are isomorphic. | 

3. Nice Cayley enumerations 

In this section we discuss the existence of a nice enumeration of a Cayley graph. 

The case of virtually abelian groups is the starting point of our analysis. Some 

extra evidence why this case is so important  is provided by the observation below. 

This concerns the ascending chain condition in the permutat ion modules asso- 

ciated with permutat ion groups. The following notions can be found in [3]. 

Let (G, ~t) be a permutat ion group. Let F f t  be the left F-vector  space with 

basis fl and FG be the F-algebra (the group algebra over F)  obtained by ex- 

tending the multiplication on G to the whole of FG. Then F ~  becomes a left 

FG-module  by extending the action (ag)w = a(gw) (where a g c  FG  and w C ~) 

to the whole of FG. 

PROPOSITION 3.1: Let G = (gl . . . . .  gn) be a finitely generated group and F be a 

field such that the group ring FG does not have the ascending chain condition for 

left ideals. Then the corresponding Cayley graph (Fc,  R1 . . . . .  R~) (defined on 

G by (w, u/) E Ri ++ wgi = w ~) does not have a nice enumeration. In particular, 

if  G contains an infinite chain of subgroups: Ho < HI < ""  then Fc does not 

have a nice enumeration. 

Proo~ The set FFa  is naturally identified with FG. Then each left ideal of 

F G  becomes a FG-submodule  of FFa.  Thus FFa  does not have the ascending 

chain condition for submodules. On the other hand, Theorem 2.4 from [3] states 

that  the existence of a nice enumeration implies the ascending chain condition 

for submodules. 

If  G contains a chain as above and F is a field then for each i E ~ define 

v~ = {Sje~ajw¢ c F G :  (Vk e ~)(~{aj: wjH~ = wkH~} = 0)}. 
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Clearly any Vi is a left ideal of FG. It  is easily seen that  Vi C Vi+l and V~ ~ Vi+l. 

This implies that  the ascending chain condition for left ideals in FG  does not 

hold. | 

An obvious corollary of this proposition is that  any Gayley graph of a free 

group does not have a nice enumeration. Another corollary is that  if the Cayley 

graph of a solvable group G = (gl . . . . .  gn) has a nice enumeration then G is 

virtually polycyclic [8]: there is a polycyclic normal subgroup of finite index. At 

this point it is worth noting the following statement (which seems to be folklore). 

LEMMA 3.2: Let a finitely generated group H be a normal subgroup of finite 

index of a finitely generated group G. Then FG has a nice enumeration if and 

only i fFH has such an enumeration. 

Proof: It  is easily seen that  any enumeration of FH induced by a nice enu- 

meration of Fc  is nice (here we only use the assumption that  H is a subgroup 

of G). To see the contrary direction choose representatives of the cosets G/H:  

go . . . . .  gk- Now order G in the following way: hgi < hPgj (h, h ~ C H) if and only 

if h is less than h ~ under the nice enumeration of H or h ~- h p and i < j .  The 

rest is by straightforward aguments. | 

3.1. N I C E  ENUMERATIONS AND VIRTUALLY ABELIAN GROUPS.  The discussion 

above shows that  the Cayley graphs of virtually abelian finitely generated groups 

form a natural  class where the existence of a nice enumeration should be veri- 

fled (they form the simplest class of virtually polycyclic groups). The following 

statement describes the case of a cyclic group. 

P R O P O S I T I O N  3.3: For any finite sequence of integers, z ] , . . . ,  Zn E Z, generating 

the group Z, the Cayley graph of ( z l , . . . ,  Zn/has  a nice enumeration. The graph 

Fz with respect to a free generator (z = 1) has an enumeration which is not nice. 

Proof: First, we define a nice enumeration of Z = (1) as a function from w onto 

Z. For n E co let uz(n) be ( n -  1 ) / 2 + 1  i f n  is odd and - n / 2  i f n  is even. It  is 

easily verified that  uz is a nice enumeration of the Cayley graph determined by 

the generator 1 of Z. 

Consider the general case. We may assume that  0 < zn < .-" < Zl (other 

cases can be treated similarly). To each z E Z we associate a sequence of integers 

(nz = ( m i , . . .  ,ran) such that  z = Emizi  and E I mil (denoted by E I rhzl below) 

is minimal. We also require that  for any ( k l , . . . ,  kn) such that  z = Ekizi and 
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E I mi] = E I ki] the tuple (ml . . . .  ,?Ytn)  is not greater than ( k l , . . . ,  kn) in the 

lexicographical ordering induced by uz. 

Note that  there is a number 11 such that  any z E Z can be decomposed as 

Ekizi ,  where I kil < l ~ for i > 1. This provides a number I (> l') such that  for 

a n y z E Z a n d i > l ,  lrni] < l ,  w h e r e r h z = ( m l , . . . , m n ) .  

Now define an enumeration of Z as follows. Put  z < u if El rhz] <_ E] rh~] and 

if these sums are equal then the tuple r?tz is less than rh~ in the lexicographical 

ordering induced by uz. 

To show that  this enumeration is nice note that  for any infinite A C_ Z there 

is an infinite C C_ A such that  for any z , u  C C if 7h~ = ( m t , . . . , m n )  and 

fftu = (kl . . . . .  kn) then in i = ki for i > 2 and m l and k l  a r e  of the same sign 

(apply Ramsey 's  theorem and the definition of the number l). Then in the case 

I kl] < I roll the element (ml - kl)Zl takes the initial segment determined by 

u into the initial segment determined by z. 

To define an enumeration which is not nice, take natural  numbers an~ rt > 
~i:2n . 1, defined by a~ = -~k=lk. We can now define an enumeration # as follows. 

On the one hand, we require that  # is a bijection from any {0 . . . .  ,2an} onto 

{ - - a n , . . . ,  an}. On the other hand, we put p(x)  < It(y) for 2an < y < x < 2an+l. 

It  is easily seen that  the elements a~ E Z, 'n C co, define an antichain of initial 

segments under the enumeration It. | 

Remark  3.4: Notice that  the nice enumeration constructed in the proof satisfies 

the following property: for any k and z with a sufficiently large ml  C rh~, the 

intersection of B(k ,  z) and the initial segment determined by z is contained in 

the (ml  - k l )z l -conjugate  of the initial segment determined by u, where rh~ = 

(ks . . . . .  kn), I kl " ( l - n )  < ] k~ I , ml  and kl are of the same sign and rni = ki 

for i > 2. Then the number k I from the definition of a regular enumeration can 

be chosen as the size of the longest initial segment determined by an element u 

wi th]k1]  = ] k ]  . ( l . n ) + l .  

The proposition shows that  the Cayley graph of a group can have both a nice 

enumeration and an enumeration which is not nice. This suggests that  we must 

restrict ourselves by only h~atural' enumerations of Cayley graphs. 

Definition: We say that  an enumeration {w0, wl . . . .  } of a structure (G, W) of 

bounded valency is n a t u r a l  if for all i < j we have d(w0, wi) _< d(wo, wj) .  

It is clear that  the nice enumeration defined in Proposition 3.3 is natural. 
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THEOREM 3.5: Let A be a free abelian group freely generated by ( a l , . . . ,  an) 

E A n. Then there exists a natural nice enumeration of  the Cayley graph ot 

(A, a l , . . . , a ~ ) .  

Proof'. We will use the enumerat ion vz defined in Lemma 3.3. Now define an 

enumerat ion UA of A as follows. Pu t  

VAt(hike. . . . .  a k~) < ~ A ~ ( a ~ . . . .  • hi,:) 

i f ~ { I  kil : 1 < i < n} _< E{I l i l :  1 < i < n} and if these sums are equal 

then the tuple ( k l , . . . ,  kn) is less than  ( l l , . . . , I n )  in the lexicographical order 

induced by uz. The obtained enumerat ion is a natural  enumeration. To see tha t  

this enumerat ion is nice note tha t  by Ramsey ' s  theorem any infinite set I C A 

k~ k~ contains an infinite subset J such tha t  for any of words of the form a 1 • . . .  • a n 

two words a~ 1 • .. . • a~k~ and all1 . . . . .  anl~ from J the following conditions hold: 

(1) A ( ( 0 < l i + + 0 < k i )  A ( 0 = l i e + 0 = k ~ ) ) ,  
l ( i ( n  

(2) A (Ik l <lkjl ll l <llyl). 
l~i , j<n 

Then we may also assume tha t  J satisfies the following condition. 

(3) Consider the indexes 1 < t < n with the proper ty  tha t  J contains 

infinitely many  words al  k~ . . . . .  a kn with pairwise distinct kt. Then 

for any pair of such indexes i and j and the words of J as above the 

following condition holds: (I kil < I li] ++ I kjl < I ljl )). 

kn and a~ 1 .. I, Now easy computa t ions  show tha t  for any two words akl ~ . . . . .a  n • ..a n 

satisfying conditions (1), (2) and (V1 < i < j < n)(  I kil <_ I lil ++ I kjl <- I ljl )), 

k~ is embeddable (with respect to the the nice pair determined by a kl - . . . .  a n 

quasi-order _<* on E introduced in Section 2) into the nice pair determined by 
I~-kl - l . - kn  Of  azl ~ . l~ The corresponding au tomorphism must  be a 1 

. . .  • a n • • . . .  • a n • 

course, this guarantees tha t  the enumerat ion is nice. | 

Remark  3.6: As we noticed in Section 2 the theorem implies tha t  the enumer- 

at ion vA is regular. We now estimate the number  k I from the definition of a 

regular enumerat ion in the case of UA. 

Let k E w. Let Jk be the set of all words which occur in the nice enumerat ion 
k.ml . k .m .  where - n  2 < mi ~ n 2 for not later than  the words of the form a I . . . . .  u n _ _ 



Vol. 137, 2003 CAYLEY GRAPHS HAVING NICE ENUMERATIONS 79 

i < n. We claim tha t  the number  k' can be chosen to be the size of the longest 

initial segment determined by an element from Jk. 

t,~ S) contains (with respect to the quasi- Notice tha t  any nice pair (a~ ~ . . . . .  a~ 

order _<*) a conjugate of a nice pair (a k~ . k, kl k,~ • . . . a ~  ,S ' )  w i t h a  1 - . . . . a  n E Jk.  

To prove this it suffices to notice tha t  required ki,  i < n,  can be chosen to be a 
kl k,~ tuple satisfying a I . . . . . a ~  E Jk, I kil < I l il for 1 < i < n and conditions 

(1), (2) from the proof  of the theorem. Also note tha t  we can take ki such tha t  

ki = li for I/i[ < k, and [ kil - [ kj[ = [ li[ - I l j [  if I[ Ill - I / j  I[ _< k, and 

II k~l - I k j l l  > k otherwise. 
In If a~ ~ - . . . -a ,*~ ~ E S (where S is as above) is in the k-ball of a~ ~ . . . . . a  n 

then E{l/i - sil : 1 < i < n} _< k. Thus under the above choice of ki we have 

E{I k ~ - ( k ~ - l i + s i ) l  : l < i < n } _ <  k and the element Ha~ '-t~+*' is in the 

k-ball of a~ ~ • .. . • a~k~. It remains to prove tha t  this element is in S'.  

First  note tha t  if k < I l~l then k < I k~l and the inequalities of the previous 

paragraph imply tha t  Il i  - s~ I _< k. In particular,  li (and k~) is positive if and 

only if si is positive. On the other  hand, if ] lil < k then li = ki by the choice of 

ki.  

CASE 1: 

We must  

we have ] 

El sil < El &[. Then  El k~[ - E l  k i - I ~ + s i l  = E(I k~l - I  k i - l i + s i l  ). 
show tha t  the lat ter  sum is positive• As we noted above, for I 1~1 <_ k 

kil - I ki - li + "sil = l lil - I s~l • I f k < l Z i [  > l sil then 

If k < l lil < I s~l then 

Ikil-lk~-Z~+8~l =[kd-lk~+8~l +ll~l =1l~1-18~1• 

As a result we have 

~(I  k d  - I k i - l~ + s~l ) = ~ ( t  ~d - I si t  ) > O. 

CASE 2: El sil = El l i l •  Fix the first io such tha t  Vz l (S io )  < Vzl(lio). By the 

definition of/]m we have si = li and ki = ki - li + si for i < io. If [ lio I <- k then 
rr ki--liq-si S p. kio = lio and t / z l (k io  - lio + 8io) < vzl(kio) .  Thus , a  i E 

If k < ] liol then by the definition o f , z  we have I Siol < ] l io] - Since 

I l i o - S i o l  < k and k < I k i o ] , w e h a v e  tha t  k i o - l i o + S i o  and kio are of the 

same sign, and the absolute value of the former element is less than  the absolute 

value of the latter.  This guarantees tha t  V z l ( k i o  - lio + sio) < p z l ( k i o )  and 
Iiaki i - l i + s i  E St•  
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Theorem 3.5 provides the following application of the results of the previous 

section. 

COROLLARY 3.7: Any fn i te  cover of the Cayley graph of a finitely generated 

virtually abelian group is finitely axiomatizable over the base. 

From Theorem 3.5 and Lemma 3.2 we also have the following corollary. 

COROLLARY 3.8: The Cayley graph of a virtually abelian finitely generated 

group has a nice enumeration. 

3.2. NICE C A Y L E Y  ENUMERATIONS. In this section we discuss how strong the 

condition of nice enumerability is in the case of Cayley graphs of finitely generated 

groups. In general we have the following conjecture (its form is motivated by the 

fact that enumerations produced in Lemma 3.2 are not always natural). 

CONJECTURE: Let G be a finitely generated group. I f  for any tuple ~ E G 

generating a subgroup of finite index in G there is a nice natural enumeration of 

the corresponding Cayley graph F(~) then G is virtually abelian. 

By the proof of Proposition 3.3 the group Z satisfies the assumptions of this 

conjecture. By Proposition 3.1 for any group G satisfying these assumptions and 

any field F the group ring FG satisfies the ascending chain condition for left 

ideals. It is a well-known question if G with this property is virtually polycyclic 

([26]). Our further results are motivated by those remarks. 

In the rest of the section we concentrate on polycyclic torsion-free groups. 

Our goal is to show that  Theorem 3.5 cannot be generalised in this class. Since a 

finitely generated polycyclic group is virtually torsion-free, that confirms the con- 

jecture for polycyclic groups. Then by Proposition 3.1 we see that  the conjecture 

holds in the class of solvable groups. 

Let G be a polycyclic group. It is well-known (see [20], [24]) that there are 

Aut(G)-invariant subgroups N _< M < G, where M is a torsion-free subgroup of 

G of finite index, N is a maximal nilpotent normal subgroup of M and M / N  is 

a free abelian group (in the terminology of [24], M is a strongly polycyclic group 

and N is its nilpotent radical). Take the upper central series of N: N = No > 

N: > . . .  > Nl+l = {1}. Then each Ni/N~+I is torsion-free. Note that any Ni is 

a normal subgroup of G. 

The following situation is a natural generalisation of the assumtions of 

Theorem 3.5. Let _]1I = G and 

e l ,  • • • ,  C k ~  a0,1, • • •, aO,ko , a l , 1 ,  • • • ~ al,1, • • •, al,kt 
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be a sequence generating G where c lN  . . . . .  ckN are free generators of G / N  

and each tuple ai,lNi+l . . . .  , a i,k~Ni+l freely generates Ni/Ni+l.  Let FG be the 

Cayley graph of G with respect to these generators. 

THEOREM 3.9: In the situation above, i f  G is not virtually abelian then any 

natural enumeration of Fc is not nice. 

The following lemma will be in use throughout the proof. 

LEMMA 3.10: Let the Cayley graph of a group (L, gl . . . .  , gk) have a nice natural 

enumeration and H be a normal subgroup of L. Then the Cayley graph of L / H 

under the subsequence of g lH  . . . . .  gkH consisting of non-trivial elements has a 

nice natural  enumeration. 

Proo~ We order FL/H by the representatives of cosets with the least numbers 

with respect to the enumeration of FL. I t  is clear that  these representatives 

define the shortest words in the corresponding cosets. Therefore they define the 

shortest words under g lH . . . . .  gkH representing the corresponding cosets. This 

guarantees that  the obtained enumeration is natural. 

To see that  the enumeration is nice, notice that  if w and w' are the chosen 

representatives of w H  and wtH respectively and g C L takes w onto w s and 

moves a nice initial segment determined by w into the corresponding segment 

determined by u / t h e n  gH moves the initial segment determined by w H  in FL/H 

into the corresponding one determined by w'H. Now it is easily seen that  there 

is no infinite anti-chain of nice initial segments under the above enumeration of 

FL/H. I 

We now consider the nilpotent case: G = N. 

PROPOSITION 3.11: I f  the group N admits a nice natural enumeration of its 

Cayley graph with respect to a generating sequence as above then N is virtually 

abelian. 

Proof'. Let N be generated by ao3 . . . . .  al,k, and a central normal series N -- 

No > N1 > . . .  > Nl > {1} be chosen as above. Suppose that  G is not virtually 

abelian. Then l >_ 1. Let s be the minimal number such that  there are ao,i E No 

and as,j E N8 with [ao,i, as,j] ¢ 1. Denote by g and g' the corresponding elements 

from No and Ns. By Lemma 3.10 we may assume that  [(g,)- l ,  g - l ]  C Nl = C(N) .  

The main point of our proof is to show that  for sufficiently large m the length 

of the shortest word presenting f g m ( f ) - l g n  is n + m + 2 (where m , n  E w). 

Suppose the contrary. Then gtgrn( f ) - lgn  = gt(ai,j)egr where n + m = t + s 
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and e C { -1 ,0 ,  1} (note that  the shortest presentation of this word in N/N1 is 
gm+nN1). Since [(g,)- i  g - l ]  E C(N) we see that  [(g)' - 1 , g  ]-1 rn e =- hi,j, e ~ 0 
and a~,j E Nt. If there are infinitely many m satisfying such a condition then we 

obtain [(g,)-l,g-1]m = [(g,)-l,g-1]m' for some m ¢ m' ,  which contradicts the 

fact that  N is torsion-free. 

It  is obvious that  the length of the word g~gn is n + 1. This allows us to 

finish the proof as follows. Take a sequence no < nl < - ' .  of natural  numbers 

such that  any ni+l - ni is sufficiently large. Now note that  the initial segments 

determined by glgn~ form an antichain with respect to the given enumeration of 

FN. Indeed, an element from N which takes g'gn' onto g,gnj (of course we may 

assume that  i < j )  must move the last element of the form gm from the initial 

segment determined by g'g'~, onto glgnh-n~ (g,)-lgm. Since the enumeration is 

natural  we may assume that  for all i the last element of this form is g~' (the 

other possibility is g~+ l ) .  However, this implies that  g,g~3-n~(g,)-lgn~ cannot 

be enumerated before g,gn~ because its length is nj + 2. We have a contradiction 

with the existence of a nice natural  enumeration. | 

Proof of Theorem 3.9: Let G be a torsion-free polycyclic group which is not 

virtually abelian and the generators of G satisfy the conditious of Theorem 3.9 

with respect to the upper central series N = No > • .. > Nl+l = 1 of its maximal  

nilpotent normal subgroup N. Assume that  FG has a nice natural  enumeration. 

By Proposition 3.11 we have that  N ~ G. 

We now follow the proof of Theorem 4.3 from [28]. The algebraic material  that  

we use below can be found in [24]. Let D be the unique connected simply con- 

nected nilpotent Lie group containing N as a discrete subgroup with coset space 

D / N  compact.  For g E G, let ((g) denote the unique Lie group automorphism 

of D such that  x -+ gxg -1 for x E N, and ( . (g)  be the induced automorphism 

of the Lie algebra D of D. Thus exp(~,(g)(v)) = ~(g)(exp(v)) (it is convenient 

to think that  all the groups that  we consider are subgroups of GL(n, C), [28]). 

I t  is shown in Proposition 4.4 of [28] that  the group U = {g C G: ~,(g) has every 

eigenvalue 1} is nilpotent and normal in G and N _< U. Thus N = U. If every 

generator ci C G \ N defines ~,(ci) having every eigenvalue of absolute value 1 

then by the proof of Proposition 4.4 of [28] the corresponding generators of G/N 
are of finite order. This contradicts our assumptions. 

Let Di be the analytic subgroup of D containing Ni such that  DJN~ is compact  

and :Di be the corresponding Lie algebra. We may now assume that  cl defines 

~,(cl)  having an eigenvalue ), not of absolute value 1 which occurs o n  ~)r/~r+l 
and r is minimal with respect to this condition and all ci. In particular, we have 
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tha t  ~(Cl) is of infinite order on N r / N r + l .  By Lemma 3.10 we may  assume tha t  

r = l .  

The proof  of  Theorem 4.3 from [28] provides t C Z and an element a E Nl such 

tha t  the elements of the form 

e ( o ,  1}, II-r<i<s~,C 1 acl  ) , ri 

are pairwise distinct. We follow at this place the a rgument  from [27] (which looks 

slightly easier than  that  in the original paper).  The number  t is chosen such tha t  
c t ~*(1)  has an eigenvalue A with I ~1 > 10. Let {vl . . . . .  vk~} be the basis of :Dl 

such tha t  exp(v i )  = al,i. By Jordan  decomposi t ion one can find a non-trivial 

linear form/3 : ~ t  -+ C such t h a t / 3 .  ( .  (c~) = Aft. Then for any v E :Dl such tha t  

f l (v)  ¢ 0 we have 
= 

It  is clear tha t  the numbers  EriA i, r/ E {0, 1}, are pairwise distinct. So, the 

elements exp(Er i~ . (c t l ) i ( v ) )  are pairwise distinct. Then  for a -- e xp (v )  the ele- 

ments  II(e~itac~t) ~ also are pairwise distinct. Since v is a linear combinat ion of 

Vl,. • . ,  vk~, we may  assume tha t  v = vi, 1 < i < kt. Then a = ai,i is a required 

elenlent. 

Assume tha t  a is the first in {al,1 . . . .  , at& }. As in the nilpotent case we will 

show tha t  for sufficiently large m C co the length of the shortest  word presenting 
acr~ta-lc'~ t is nt  + m t  + 2. 

Suppose the contrary. Then there are b E { a t , s , . . . , a t & }  and e E { - 1 ,  0, 1} 

such tha t  for infinitely many  m we have acr~ta- lc~ t = c~b%~ where n t + m t  = r + s  

(note tha t  the shortest  presentat ion of this word in G / N  is c ~ t + n t N ) .  Also note 

tha t  the equation 
b ¢ = cTSac~ . Clr-nt  a-1  c ln t - r  

guarantees tha t  b E Nl above• As a result we have infinitely many  words of 
the form c ~  ac~ ~-nt  -1  ,~t-~ • c 1 a c I presenting the same element. Conjugat ing b ~ by 

some c] with i < t we can arrange tha t  t I s and t t r in these words. Then for 

some s < s ~ and r ¢ 'r ~ with t] s, s ~ and t[ r, r ~ we obtain the equation 

r I ! i I 
- s  s - n t  n t - r  Cl s ac~ r - n t  n t - r  

C 1 a c  1 • c I a c  1 = . c 1 a c  1 . 

This contradicts  the choice of t and a. 

The rest of  the proof  is the same as in Proposi t ion 3.11. | 
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4. F in i t e  covers  a n d  t h e  f in i te  m o d e l  p r o p e r t y  

One of the most known achievements of stability theory is Hrushovski's theorem 

that a totally categorical theory can be axiomatized by a sentence that has large 

finite models, together with axioms stating that the structure is infinite [14]. The 

proof involves covers and nice enumerations. It is natural to ask if in the case of 

structures of bounded valency similar statements exist. 

Notice that the Cayley graph of Z 2 is not axiomatizable by a sentence and 

the axioms stating that  the models of T are infinite. Indeed, any sentence of 

the theory holds in the Cayley graph of an appropriate Z(k) × Z. This suggests 

that  quasifinite axiomatizability should be reformulated as was done in [14] in 

the case of w-stable w-categorical structures. 

The standard situation for w-stable w-categorical covers can be described as 

follows. 

Let rr: M --+ W be a finite cover of W. Then there is a sentence 

(I) such that (i) {0} U Th(W) axiomatizes the cover, (ii) if T'  is 

a sufficiently large finite subset of Th(W) and W I ~ T',  then W' 

extends to a model of 4>. 

Notice that the existence of • with properties (i) and (ii) together with the 

finite model property for W imply the finite model property for M. 

On the other hand, if a sentence (I) satisfying (i) and (ii) exists, then any 

satisfying (i) satisfies (ii) too (because any two 4) and (I)' satisfying (i) are equiva- 

lent with respect to a sufficiently large subset of Th(W)). Note that Theorem 2.2 

implies that if a structure W of bounded valency has a nice enumeration then 

property (i) is satisfied for any finite cover of W. 

However, the case of w-stable w-categorical structures is extremely lucky: prop- 

erty (i) is guaranteed by nice enumerability and property (ii) follows from the 

construction of envelopes (see [5]). The latter does not involve nice enumerations 

and in fact is a strong version of the finite model property. In our case (under 

the presence of (I) with property (i)) an envelope can be defined as a finite cover 

M I' -+ W H satisfying (I) where W ~' is finite and satisfies a sufficiently large finite 

subset of Th(W). Such a definition ensures some kind of homogeneity resembling 

that in [5]. Unexpectedly, Theorem 4.11 (see below) claims that in very natural 

situations the finite model property realized by envelopes implies the existence 

of an expansion M ~ of M such that 7r induces a finite cover M'  -+ W with finite 

kernel. 
Tha t  makes it natural to study the finite model property for superlinked finite 

covers of Cayley graphs. In the first part of the section we shall show that  the 
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finite model  p rope r ty  holds for any finite superl inked cover of the Cayley graph 

of a finitely genera ted vir tual ly  ni lpotent  group. 

On the other  hand,  we give an example  of a cover wi th  a nice enumera t ion  but  

wi thout  covering expansions wi th  finite kernel. I t  is unknown if this can happen  

for finite covers of Cayley graphs  of abelian groups. The  au thor  does not know if 

these covers have the finite model  property.  I t  will be only shown tha t  any finite 

cover of the Cayley graph  of Z 2 has the finite model  property.  

We close this in t roduct ion by an example  showing tha t  property (ii) in the 

forTnulation above does not hold even for finite superlinked covers of the Cay- 
ley graph of Z 2 (but,  as we have a l ready mentioned,  this does not destroy the 

s i tuat ion too much).  

Example: Let U2 = (Z 2, u~, u2) be the algebra of two unary  functions realizing 

the Cayley graph  of Z 2 with respect  to the s tandard  free generators.  Let M = 

Z 2 × {0, 1} be a finite cover of [/2 with respect  to the na tura l  project ion 7r. The  

s t ruc ture  M consists of the s t ructure  U2, the project ion 7r and unary  1-1-functions 

sl  and s2 defined as follows. 

Let Sl((Z,z ' , i ) )  = ( z + l , z ' , i ) ,  i < 1. I f z  is even let s2((z,z ' ,O)) = ( z , z ' + l , 0 )  

and s~((z, z, '  1)) = (z, z '  + 1, 1). If  z is odd let s2((z, z ' ,  0)) = (z, ~-' + 1, 1) and 

. . i  = . + 1 , 0 ) .  . . . .  1)) 

As a result  the s t ruc ture  M satisfies the following sentence ~: 

vx(s s2(x) = s2s (x)A  s,(x) = ¢ s s,(x)A 

¢ s s ( )As2s,s (x) # = 

I t  is easy to see tha t  A u t ( M )  acts t ransi t ively on M.  The  kernel of the cover 

M --+ [72 consists of two elements.  

We claim tha t  for no odd k is there a cover of the Cayley graph of Z(k)  × Z 

(with respect to functions Ul and u2 with u~(x) = x)  in the language of M and 

satisfying ~P. 

Assume tha t  such a cover exists. The  elements  of the cover can be considered as 

triples (z, z ' ,  i) with z E Z(p),  z' E Z and i C {0, 1}. Now by the last equali ty in 

4~, s~((O, O, O)) = (0 ,0 ,0)  or s~((O,O,O)) = (0,0, 1). In the first case the pre image 

of {(0,0) . . . . .  (k - 1,0)} C U2 with respect  to 7r consists of two Sl-Cycles, say 

{ ( 0 , 0 , 0 ) , . . . ,  (k - 1 ,0 ,0)}  and {(0,0, 1 ) , . . . ,  ( k -  1,0, 1)}. On the other  hand,  

81k82((0,0,0)) : 81s2skl-l((o,o,o)) • S2slk((o, o, o)) : 82( (0 ,0 ,0 ) ) .  

This means  tha t  the pre image of ((0, 1) . . . .  , ( k -  1, 1)} with respect  to ~r consists 
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of one Sl-Cycle. Now the au tomorphism of U2 taking (0, 0) to (0, 1) cannot  be 

extended to an au tomorphism of M.  

If sk((0, 0, 0)) = (0, 0, 1), the preimage of {(0, 0 ) , . . . ,  (k - 1, 0)} C U2 with 

respect to 7r consists of one Sl-Cycle. On the other  hand, 

s1%((0,  0, 0)) = 8182s1~-1((0, 0, 0)) # s2s~((0, 0, 0)) = s2((0,0, 1)). 

This  means tha t  the preimage of {(0, 1 ) , . . . ,  (k - 1, 1)} with respect to rr consists 

of two sl-cycles, say {(0, 1, 0) . . . .  , (k - 1, 1,0)} and {(0, 1, 1 ) , . . . ,  (k - 1, 1, 1)}. 

Then  the automorphism of U2 taking (0, 0) to (0, 1) cannot  be extended to an 

au tomorphism of M.  

The  same argument  shows tha t  for no odd k is there a cover of the Caytey 

graph of Z × Z(k) (with respect to functions u I and u2 with uk2(x) = x)  in the 

language of M and satisfying q~. 

We now claim tha t  for no odd k and l is there a model based on the Cayley 

graph of Z(k) × Z(l) (with Ukl(X) = x and ut2(x) = x)  in the language of M and 

satisfying q~. 

Assume tha t  such a model  exists. Its elements can be considered as triples 

( z , z ' , i )  with z C Z(k),  z' E Z(I) and i e {0, 1}. Now by the last equality in 

• , slk((0, 0, 0)) = (0, 0, 0) or sk((0, 0, 0)) = (0, 0, 1). In the first case, for all even 

m < l the preimage of {(0, m) . . . .  , (k - 1 ,m)} C [72 with respect to 7r consists 

of two Sl-cyeles {(0, m, 0 ) , . . . ,  (k - 1, m, 0)} and {(0, m, 1 ) , . . . ,  (k - 1, m, 1)} and 

the preimage of {(0, m + 1) . . . .  , (k - 1, m + 1)} with respect to ~r consists of one 

sl-cycle. 

If sk((0, 0, 0)) = (0,0,1) ,  for all even m < 1 the preimage of {(0, m ) , . . . ,  

(k - 1, m))  C U2 with respect to 7r consists of one st-cycle and the preimage 

of {(0, m + 1 ) , . . . ,  (k - 1, m + 1)} with respect to ~r consists of two sl-cycles: 

{ ( O , m + l , O ) , . . . , ( k - l , m + l , O ) }  and {(0, m +  1 , 1 ) , . . . , ( k - 1 , m +  1,1)}. 

We now have a contradict ion because 1 is odd and l = 0 in Z~. | 

4.1. THE FINITE MODEL PROPERTY FOR CAYLEY GRAPHS. The  main result of 

this subsection describes when a s t ructure  with finite point  stabilizer has the finite 

model  property.  Then  we show tha t  superlinked (with finite kernel) finite covers 

of Cayley graphs of vir tual ly ni lpotent  groups have the finite model property.  

We s tar t  with a construct ion of a quotient  of a s t ructure  of bounded valency. 

Q u o t i e n t s  o f  s t r u c t u r e s  o f  b o u n d e d  va l ency .  Let W be a s t ructure  of 

bounded valency and G < Aut (W)  have a finite number of orbits on W and all 

point-stabilisers be trivial. Let  K be a normal subgroup of G such tha t  no orbit  

of K contains a pair a, b with d(a, b) _< 2m + 1. We now define W / K  as follows. 
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Define an equivalence relation 0 on W by: 

(v~,v2) • 0 ~ 3~ • h'(~/(v~) = v2). 

Then W/O becomes a structure of the language of W with respect to the relations 

obtained from the relations R of W as follows: 

. , '  vkO) (W R(V'l, ' ' . . . . . . .  . vk)) .  (VlO,. .,vkO) • R ° ~ ( J i  •v lO,  vk • ~ vj, . . ,  

By the choice of K,  if (Vl,V2) • 0 and d(vl,v2) < 2 m + l  t h e n v l  = v2. This 

implies that  the m-ball of any v in W maps injectively into the m-ball of vO in 

W/O. 

On the other hand, if (Vl0, . . . ,vk0)  • R 0 then there are c q , . . . , a k  • K such 

that  W ~ R(al(Vl)  . . . . .  (~l¢(vk)). Then 

W ~ R(vl, O~110~2(V2),...O1110~k(Vk)). 

This shows that  the map w --+ w0 is surjective between the sets of neighbours of 

any v and vO respectively. This in turn implies that  the m-ball of v is isomorphic 

to the m-ball of v0. | 

Notice that  in this construction the group G is finitely generated: let 1 be the 

minimal distance between the elements of Gv C_ W; then the set of automor- 

phisms taking v onto each of the points from Gv at distance l serves as a tuple 

of generators. Let {gl . . . .  , g~} be such a set of generators. 

Now choose v l , . . . ,  v~, representatives of all the G-orbits. Then for every m it 

is easy to find a number k such that  for every v~, if a word a in {gl . . . .  , g~} takes 

vi into the (2m + 1)-ball of vi, then ln(a) < k (because the point-stabilizers are 

trivial). 

LEMMA 4.1: Let H be a normal subgroup of G such that H does not contain 

any word in {gl . . . .  ,g,~} of length <_ k, presenting a non-trivial element of G. 

Then no orbit of H contains a pair a, b with d(a, b) <_ 2m + 1. 

Proo~ If the lemma does not hold for a and b, then by normality we may assume 

that  a coincides with the corresponding v~. By triviality of stabilizers the only 

eleInent of H taking vi to b is presented by a word of length _< k. This is a 

contradiction. | 

Now assume that  the permutat ion structure (G, W) is transitive. Then all 

g~ take v = Vl to its neighbours. Let ~: G1 -+ G be a homomorphism, where 

G1 = (g~,.. ",gn); ~/'(g4)' = gi and K r = Ke'r'¢, does not contain any word in 
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{ g ~ , . . . ,  g t }  of length <_ 2m + 3. Define a s t ructure of the language of W on G1 

as follows: 

(all, . . ,  a~) • R ++ (3 j  < k)(3g~l t id , .  ' • -- " ' " g i j - 1  . . . .  gi~ • G1) 

A ~'r = ~ g ~  A w ~ R(g~,(v),...,v . . . .  ,gig(v))). 
j # r < k  

Notice tha t  the relations are invariant with respect to the action of G1 by the 

left multiplication. 

LEMMA 4.2: T h e  s t ruc tures  G1 and  W have the same m-bal ls  o f  a point .  In 

particular,  it" for some a t . . . .  , a~,/3 • G1 any  d (~ , /3 ) ,  1 < i < k, is not  greater  

than m and  a~ = ¢(a~),  then 

W ~ R(ozi(v) . . . .  , c tk(v) )  ~ G1 ~ R ( c t l , . . . , o J k ) .  

Proo£" We start  with the part icular  case of the lemma. The  direction 

follows from the definition of the s t ructure  on GI :  since 

w ~ R ( g ~ ( v )  . . . . .  v , . . . ,g i~(v))  and A t = ~ g ~ ,  
j~£r<_k 

then applying the au tomorphism otj = ¢(OL~.) we see 

w ~ R(~l(v) , . . . ,~j(v) , . . . ,  ~(v)) .  

To see the converse it suffices to prove tha t  

e l  ~ t - - 1  ! t - - I t  • . ( ~ j )  ~ k ) ) .  R ( ( ~ j )  ~,, . ,  

Since W ~ R(a~lal(V),..., a~lak (v)), there is a sequence gi~,..., id,..., gik 
(satisfying W ~ R ( g i , ( v ) , . . .  , v , . . .  ,gik(v))) such tha t  a}- 'a~ = gi~, J # s < k. 

On the other hand, by the definition of the s tructure on G1, there are 

tl,1, • . . ,  tl,p . . . . .  tk,1 . . . . .  tk,q such tha t  p _< 2m . . . .  , q <_ 2m, and 

I - - I  / l / t - - I  t ! - - 1  ! r ! = .. (~j) ~j ,(~j) ~ (O l j )  Ol I : i d ,  -= . .  gtl., "gtl . p' " • "' " " • gtk.1 "gt~.q" 

We now see tha t  

! --1 t t -! ! --1 ! --1 ! - t  t --1 t -t /~-t.  
(gi~) g~ .~ . . . g~ . , ,K  = ( g i ~ )  ((~j) a r k  = ( g i . )  gi~K = 
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By the choice o f / C  we obtain gtr.l' " " "gt~.~' = g~' , r _< k. This shows that 

• . .  ( ~ )  ~k)). R ( ( ~ )  ~i, , 

We now see that the homomorphism GI -+ G embeds the m-ball of id into the 

m-ball of v (the injectivity follows by a similar argument). The definition of R 

on GI shows that the embedding is surjective for l-balls. This implies that W 

and G1 have the same m-balls. | 

We are ready to state the main result of the subsection. 

THEOREM 4.3: Let  W be a s trongly  minimal,  connected s tructure o f  bounded 

valency. Let  G <_ A n t ( W )  be a f initely generated group acting transi t ively on W 

with finite point  stabilizer. 

The  s tructure W has the finite model  proper ty  i f  and only if, for any tuple of  

generators gl . . . .  , g~ of  G and any finite sets E1 and E2 of  words in {gl . . . . .  g~} 

with ~/a • EI(G ~ a = 1) and Va • E2(G ~ c~ ¢ 1), there is a normal  subgroup 

o f  finite index o f  the group {gl . . . . .  g~; El> which does not  intersect E2. 

Proof: Let W have the finite model property and v C W. Let t be chosen so 

that W does not have non-trivial automorphisms fixing B( t ,  v) pointwise. Then 

for the type p of some enumeration of B( t ,  v) the group G acts on the structure 

W p with trivial point stabiliser (see Section 1.3). On the other hand, by Lemma 

1.5 the structure W p has the finite model property. 

For gl . . . . .  gn and finite sets E1 and E2 as in the statement of the theorem let 

m = ma~:(length(a):  a • V~ 1 U X~2)" max (d (v ,  gi(v)): i < n ) +  1. 

Let U p be a finite structure with the same m-balls as in W p. Then for any u E U p 

define gi(u) as u' such that the type of the pair (u, u') in B ( m ,  u) coincides with 

the type of (v, gi(v)) in B ( m , v ) .  (Notice that by the definition of I for any ~' 

adjacent with 9 with respect to the relation I there is a unique number i such 

that ~ occurs as v i in the formula I({,, vl  . . . .  , ~,)  holding in WB.) This defines 

a tuple of permutations on U p satisfying the relators from El. Thus we have an 

action of (gl . . . . .  gn; El> on U p. Let K be the kernel of the action. By the choice 

of m, the group K does not meet E2. Since U p is f ini te , / (  is of finite index. 

To prove the converse of the theorem choose t and W p as above. By Lemma 

1.5 it suffices to prove that W p has the finite model property. Let g l , - - - , gn  be 

the set of all automorphisms taking ~ to adjacent points. Let m C w and E1 be 

the set of all words in {gl . . . .  , gn} of length <_ 2m + 3 presenting identity under 
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the action of G on W p. Let G1 = (g~, . . . ,  g~; El).  Using the action of G1 on W p 

define a structure on G1 of the language of the structure W p as follows: 

( ~ ,  .,a~k) E R e+ (3j < k)(3g~l ' " ' A ' ' ' . . . .  "" " ' g i j ,  z d ' ' ' ' , g i k ) (  a r  = a j g i ~ A  

W p R(gil . . . . .  v . . . . .  

Let K be a normal subgroup of G1 of finite index such that K does not include any 

non-trivial element which is presented by a word of length < 2m+3. Then Lemma 

4.2 and the construction of quotients together with Lemma 4.1 are applicable to 

G1, K and the structure defined on G1/K.  I 

Remark 4.4: J. G. Thomson and G. Higman have found infinite finitely pre- 

sented simple groups (see [13]). By our theorem the Cayley graph of such a 

group does not have the finite model property. 

Remark 4.5: Let W be a transitive connected structure of bounded valency 

having finite point stabilizer and a (natural) nice enumeration. Does W have the 

finite model property ,.2 

In the case of Cayley graphs this provides an interesting group-theoretic 

question related to the conjecture of Section 3: Is there a finitely presented group 

G such that its Cayley graph has a (natural) nice enumeration and G is not 

residually finite: there is a finite set A C G such that any subgroup of finite 

index intersects A ? It looks very likely that an inspection of typical Olshanski's 

examples (rather auxiliary finitely presented groups in these examples) can help 

to understand the obstacles arising here. 

We now apply quotients to covers. 

PROPOSITION 4.6: Let C --+ W be a finite cover of the Cayley graph of a finitely 

generated, virtually nilpotent group. I f  the kernel of C is finite then C has the 

finite model property. 

Proof'. Since Aut (W)  acts regularly on W, the stabilizer Aut(C/c)  of a point 

c E C is finite. Taking a finite cover of C (as in Theorem 4.3) we can arrange 

that the stabilizer is trivial. It is clear that Aut(C) is finite-by-nilpotent. By a 

theorem of P. Hall the group is virtually nilpotent. On the other hand, finitely 

generated virtually nilpotent groups are residually finite ([20], [24]). 

Let m E w and v E C be such that B ( m  + 1, v) meets all Aut(C)-orbits. Take 

K ,~ Aut(C) such that no pair from B(3m + 3, v) is in the same K-orbit. Then 

there is no pair a, b E C with d(a, b) < 2m + 1 and of the same K-orbit. 
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Applying the construction of quotients we obtain a finite structure C/O with 

the same types of m-balls as in C. This proves the proposition. | 

4.2 .  THE FINITE MODEL PROPERTY FOR FINITE COVERS. 

1. Finite covers of Cayley graphs of abelian groups. Let W be the Cayley graph 

of a finitely generated virtually abelian group G and let A be an abelian torsion 

free normal subgroup of G of finite index. Then A is isomorphic to Z n for some 

n. Then w.l.o.g, we may assume that  W is the Cayley graph of G considered 

with respect to a tuple of generators Zl . . . . .  zn, hi . . . .  , hk where z l , . . . ,  z~ form 

a tuple of free generators of Z n and h i , . . . ,  hk represent the non-trivial cosets of 

G / A  (all Cayley graphs of G are interdefinable). For each h~ the correspondence 

w --4 h~w, w C A, defines a copy of the Cayley graph of A which is invariant with 

respect to A. Note that  the action of A on hiFA (by left multiplication) induces 

the following action of A on FA: h~lahi • v, v E FA. I t  is easily seen that  this 

action is transitive. In particular, we have that  the graph on h~F induced by 

the generators hTlz jh i ,  1 < j < n, is interdefinable with the graph induced by 

Z 1 , • . . ~ Z n .  

LEMMA 4.7: For any natural number s there exists a natural number t such that 

i f  a, b E W of  the same copy Of FA are distant at > t with respect to Z l , . . . , Z n  

then the distance d(a, b) in W is at least s. 

Proof: If the s tatement  does not hold, then by transitivity there is a point 

a E W having infinitely many neighbours. This contradicts that  W is of finite 

valency. | 

LEMMA 4.8: Let zr: M -+ W be a finite cover o f W  (M is a structure of  bounded 

valency) and W satisfy the assumptions above. For any natural number s there 

e.xists a natural number t such that i f  for a, b C M the elements ~r(a) and 7r(b) 

are of the same copy of  FA and are distant at 7_ t with respect to zl,  • •. ,  zn then 

the distance d(a, b) in M is at least s. 

Proof: The argument of the previous lemma works in this case. | 

PROPOSITION 4.9: Let a group G be a finitely generated virtually abelian group. 

Let W be the Cayley graph of G and 7r: M --+ W be a finite cover of  W .  Then 

T h ( M )  is not finitely axiomatizable. 

Proof: We preserve the assumptions of the previous lemmas. We also assume 

that  if 7r(a) and ~r(b) are the same or adjacent in W then the elements a and b 
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are adjacent in M.  We want to show tha t  if a sentence ¢ holds in M then there 

is a s t ructure M ~ satisfying ¢ but  not  elementarily equivalent to M.  

Let M ~ ¢. We may  assume tha t  the sentence ¢ describes the s-balls of M 

for some s. Let ~ • Aut (M)  be an au tomorphism inducing the corresponding 

generator  Zn. By the lemmas above there exists t~ such tha t  for any v E M and 

t > tn, d(v, c~t(v)) > 2s + 1 with respect to M.  Define an equivalence relation 

on M as follows: 

(vl, v2) • 0 t-~ 3m • Z(tnl m A o~m(vl) = v2). 

Then M/O becomes a s t ructure of the language of M with respect to the relations 

obtained from the relations R of M as follows: 

. .  V ! • R ° 3vl • v,O,. ,v l  • ,, OR(vl . . . . .  

Notice tha t  by the choice of a ,  if (vl, v2) E 0 and d(vl, v2) < 2s + 1 then vl = v2. 

This implies tha t  the s-ball of v in M maps injectively into the s-ball of v in 

M/O. 
On the other  hand, if (v10 . . . .  , vkO) E R ° then there are ml  . . . . .  mk E Z such 

tha t  M ~ R(v~ . . . .  , v~), where v~ = a-~l ( v l ) , . . . ,  v~ -- a "~ (vk). Then  

M ~ R ( v l , a m 2 - m l ( v 2 )  . . . .  amk-ml(Vk) ). 

This shows tha t  the map w -+ wO is surjective between the sets of neighbours of 

v and v0 respectively. This in turn  implies tha t  the s-ball of v is isomorphic to 

the s-ball of vO. Then M/O ~ ¢. 

Let v E FA C W. Then  the the map w -+ w0 is not injective on the (tn + 1)- 

ball of v. It  is easy to see tha t  the size of the (tn + 1)-ball of v/O is less than the 

size of the (tn + 1)-ball of v. | 

We now prove the finite model  proper ty  for finite covers of the Cayley graph 

W in the case when the subgroup A is isomorphic to Z 2. The general case is 

open. 

PROPOSITION 4.10: Let a group G be a finitely generated virtually abelian group 

and let A ~ Z 2 be a normal subgroup of G of finite index. Let W be the Cayley 

graph of G and 7r: M -+ W be a finite cover of W.  Then Th(M)  has the finite 

model property. 

Proof: We preserve the assumptions above. We want to show tha t  if a sentence 

q~ holds in M then there is a finite s t ructure  M ~ satisfying qk 
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Let M ~ ¢. We may assume that  the sentence ¢ describes s-balls of M for some 

s which is greater than 3 = In(h~lzjh~), i < k, 1 <: j <_ 2. Let a l , a 2  • Aut(M)  
be automorphisms inducing the generators Zl, z2 of A. By the lemmas above 

there exists ti such that for any v • M and t >_ ti, d(v, c~(v)) _> 4s + 1 with 

respect to M. 

Take v0 • M with 7r(v0) • FA. Let v~, . . .  ,v~ be chosen so that ~r(vi), i < k, 

are adjacent to ~r(vo) and represent all the cosets of G/A.  Define 

D1 = {v e M: (3i <_ tl)(3j <_ k)(3w • B(s, vj))(v = a~(w))}. 

By our assumptions on s, for every w E B(s, vj) the set 7r(D1) N hjFA contains 

a connected subgraph of hiFA having 7r(w), 7r(al(W)),.. . ,  lr(a~' (w)) among its 

vertices. 

We consider sets a~(D1) with respect to the language of M extended by the 

restriction of a l  (considered as a partial function). By the pigeon hole principle 

there are i2 < j2 such that t2 < j2 - i2 and aJ22-i2 is an isomorphism between 

the structures c~ 2 (DI) and j2 a2 (D1). Since the restrictions of a l  and a2 on 

W are commutative, the set a~22(D1) consists of 'fibres' {all(W): 0 < l < tl},  

w e a~22 (B(s, vj)), j <_ k. Let 

D2 = {v e M: (3i2 <_ t <_ j2)(3w C D1)(v -- (~t(w))}. 

Notice that  every c~ acts on D2 as a partial isomorphism. As above, for any 

w E O1 with 7r(w) E h~rA the set 7r(c~(w)), i2 _< t < j2, is contained in a 

connected subgraph of r (D2) N hiFA. 
To construct a finite model satisfying ¢ we apply the following procedure. 

Identify the elements of ( ~  (O1) with their images in aJ~ (O1) under the isomor- 

phism aj2-i2. By D~ we denote the obtained structure and by D~ the image 

of c~2(D1) in D~. Note that the definition of the function c~1 on D~ is correct 

because it is preserved under the isomorphism above. Since the functions (~1, a2 

induce free abelian action on every component hiFm, the structures 7r(D~) and 

D~ do not contain any cycle of the form v, c~l(v), . . . ,  c~k(v). On the other hand, 

it is clear that a~2-~2 (v) = v for all v E D~. By the choice of t2 there is no s-bali 

B I C D~ containing a pair of the same c~2-cycle. This implies that  such a ball is 

isomorphic to a ball from D1. 

Notice that  ( ~  induces an isomorphism in D~ between the structure of the 

elements of D~ corresponding to oJ2(Uj<_ k B(s, vj)), i2 <_ 1 <_ j2, and the structure 

corresponding to ~2~1. ([-Jj<k B(s, vj)). This follows from the fact that ~ and 
~2 a~ 2-i2 comnmte on a 2 (Uj<k B(s, vj)) in D2. At the second step we identify 
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the elements of D~ corresponding to a~(Uj<_k B(s,  vj)), i2 < I < j2, with their 

images in ~ I ~ t, ~2~1 (Uj<_k B(s,  vj)) under the isomorphism a~'. By the choice of tl, 

in the obtained D~ ~ there is no s-bM1 B ~ containing a pair of the same c~l-cyele. 

This implies that such a ball is isomorphic to a ball from D~. As a result we have 

a structure D~ ~ where each element is contained in an C~l-Cycle of the length tl 

and in a c~2-cycle of the length j2 - i2. Since the s-balls are preserved at every 

step of the procedure, the structure D~' satisfies O. | 

2. Envelopes and the finite model property. Let W be the Cayley graph of Z" 

with respect to its free generators. The structure W has the finite model property 

because any ¢ C T h ( W )  holds in the Cayley graph of some Z(ml) × " -  × Z(~Ttn). 

Let 7r: M -+ W be a finite cover of W. Does 7r satisfy the finite model property 

in the following strong sense: any ¢ E T h ( M )  holds in a finite cover of the Cayley 

graph of Z(rnl) × - . .  x Z(m~) ? Notice that the finite structures obtained in this 

way naturally correspond to envelopes in totally categorical structures [5]. 

THEOREM 4.11: Let 7r: M --+ W satisfy the assumptions above. I f  M satisfies 

the version of the finite model property as above then the structure M has an 

expansion covering W with finite kernel with respect to 7c. 

Proof'. By Theorem 2.2 there is a sentence ¢ such that T h ( M )  is axiomatized 

by T h ( W )  U {~}. We may assume that ¢ describes the s-balls of M for some 

s. Find Z(ml)  x ..- x Z(mn) such that ¢ is satisfied in a finite cover M ~ of 

the corresponding Cayley graph W ~. We assume that the numbers mi are large 

enough and the 1-ball of a point a C M ~ does not contain any b such that 

d(Tr(a), 7r(b)) > mi/3.  Let c~l,...,c~n be automorphisms of M'  extending the 

natural generators of Z(ml)  x .-- x Z(mn). Let v C W'  and 

P, = < rod .  

Then the structure M '  is the disjoint union of ~-l(c~(P1)) ,  i < ml. For ally 

I e Z we introduce a sequence Ml,o . . . . .  Ml,ml-1 of copies of 7r-1(c~ (P1)), i < m l 

(denoted by Mo,o, . . . ,  Mo,m,-1). Let M1 = [.Jtez(Ml,o [2--.  U Mt , ,~- l ) .  The 

relations on M1 are the natural preimages of the relations of Mr; for example, a 

tuple 

~t C Mo,s U Mo,s+ I U " " U 2tIo,o U " " U Mo,t 

with t + ms - s < ml/3 ,  and satisfying a relation R of M ~, defines the sequence 

of copies 

al C Ml,~ U Mr,s+1 U . . .  U Mt+l,O U . . .  U Ml+l,t 
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satisfying R in ]~rl.  It  is clear that  /1,I 1 and 5 I '  have the same s-balls, Ms ~ 0. 

On the other hand, the structure Mt is a finite cover of the Cayley graph of 

Z × Z(m2) × . . .  x Z(m~).  Indeed, to extend ai ,  i _> 2, to Ms define 5i C 

Ant(M1) by the copies of ai  on all Mi,0 tO . . .  tO Mz,m,-> On the other hand, 

the automorphism oz s defines 51 E Ant(Ms)  naturally extending the generator of 

infinite order (call it again (~s) in Z x Z(m2) x . . .  x Z(mn).  Indeed, on every 

set M~, o (5 . . .  U l~ll,mL--'2 it is defined by the corresponding copy of cq and it is 

defined on MI,m~-S by the map Mt,m~-s --+ Ml+Lo copying the restriction of a t  

from Mo,,~,-s to M0,o. It  is easy to see that  51 ~* centralizes any 5i, i _> 2, defined 

in such a way. 

At the second step find v E re(kli) and define 

ka. k~ (v): ks E Z,0  < ki < mi , i  > 1}. = 

Then the structure M1 is the disjoint union of ~r-S(c~(P2)), 1 < i < m2. 

As above, for I E Z we introduce a sequence Nt,o . . . . .  Nt,m2-S of copies of 

~r-S(a~(P2)), i < rn> Let M2 = Ulez(Nl,o U .-.  U No,~2-s)- Defining re- 

lations in an appropriate way we obtain that  M2 covers the Cayley graph of 

Z 2 x Z(m3) x . . .  x Z(mn) and satisfies ¢. As above, one can find extensions 

5 > . . . ,  5n of a l  . . . . .  c~n so that  5~ 1 and 5~ ~ centralize every 5i. 

Continuating this procedure we eventually obtain a cover Mn --+ W (by our 

assumptions W is the Cayley graph of Z ~) which satisfies ¢. Since T h ( M )  is 

axiomatized by T h ( W )  U {¢}, the structures M~ and M are isomorphic. We also 

have a tuple 51 . . . . .  5~ of extensions of the free generators of Z n, where every 

5~ '~ centralizes all 5i. Thus expanding Mn by all 5 m~ we still obtain a cover of 

W. The kernel of that  cover is finite, because its elements are determined by the 

restrictions on the set of fibres corresponding to {Oel k . . . .  ( ~  (v): hi _< mi}. | 

Remark 4.12: I t  is worth noting that  if  a structure W of bounded valency has 

the fn i te  model property and ~r: M --+ W is a finite cover admitting a covering 

expansion with trivial kernel Or spl i ts) ,  then M has the finite model property too. 

Indeed, take a covering expansion of 7r: M ~ W with trivial kernel. We obtain 

an action of Ant (W)  on M with trivial stabilizer. The finite model property 

for W naturally implies the finite model property of the covering expansion. By 

taking reducts we have the conclusion. 

The remark can be extended to some covers with finite kernels (see Subsection 

4.1). This and Theorem 4.11 suggest the following question. Let ~r: M ~ W 

be a finite cover of W (M also is a structure of bounded valency). Assume that  
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W has a (natural) nice enumeration and satisfies the finite model property. Is 
there a covering expansion of M having a finite kernel ? As we noted above the 

question is open if W is the Cayley graphs of a finitely generated abelian group. 

We now give an example which shows that in general the question has the 

negative answer. 

Example: The structure W is a finite (binary) cover of U1 -- (Z, ul) ,  the algebra 

of a unary function realizing the Cayley graph of Z with respect to the standard 

free generator. Let W = Z × {0, 1} be the principal cover of U1 (there are no 

new relations) and let M = Z × {0, 1} × {0, 1, 2, 3} be a finite cover of W with 

respect to the natural projection 7r (removing the last coordinate). The structure 

W is considered with respect to the fibre equivalence relation and the relation 

~l((X,*), (x',*)) ++ ul(x) = x'. Notice that Aut(W)  is topologically generated 

by the free generator of Z (with the action preserving the natural transversals) 

and any switching sx: (x, 0) --+ (x, 1) (fixing all points of fibres distinct from x). 

Since W is a finite cover of the Cayley graph of an abelian group, the structure 

W has a nice enumeration. 

The structure M consists of the structure W, the projection 7r, binary relations 

C and $1 and the unary 1-1-function 

7: (x, O, O) --+ (x, 1, O) --+ (x, O, 1) --~ (x, 1, 1) --+ (x, O, 2) --+ (x, 1, 2) 

(x, o, 3) (x, 1, 3) (x, o, 0). 

The relation C is the equivalence relation with the classes of the form: (z, 0, i), 

(z, 1, i), z E Z, i < 4. The relation $1 is defined as follows. For any z and z r let 

((z , i , j ) ,  (z + l , i , j ' ) )  E $1 iff j ' - j  is even and ( ( z , i , j ) , ( z  + l,1 - i , j ' ) )  E S, iff 

j l  j is odd. 

Let 5 be the automorphism M defined by (z , i , j )  --~ (z + 1,i , j) .  For any a E 

Aut(W)  there exists m E Z such that  a and 5 m agree on the first coordinates. Let 

Aa = {z E Z: a and 5"* do not agree on the second coordinate of (z, 0)}. It is clear 

that  a can be extended to an automorphism of M by a(z, i, j) = (a(z, i), j + l )  for 

z E Am and a(z, i, j) = (a(z, i), j) otherwise. Let ax be such all automorphism 

for rn = 0 and A = {x}. The following claim is easy. 

CLAIM: The group Aut (M)  is topologically generated by 5 and ax. 

Notice that the kernel of the cover M --+ W consists of continuum automor- 

phisms: for any A C_ Z define an automorphism flA by (z, i, j )  -+ (z, i, j + 2) 

for z E A and (z , i , j )  --~ (z , i , j )  for z ~ A. On the other hand, replacing Z by 
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Z(n) in the definition of W and M we obtain finite structures realizing sentences 

which are true in M. It  remains to prove the following claim. 

CLAIM: I ra  dosed subgroup G of the group A n t ( M )  covers A n t ( W ) ,  then G = 

A n t ( M ) .  

Conjugating G by an element of the kernel we can arrange that  (f E G. Let 

(x, i) E W and sx be the corresponding switching. Let o be an extension of 

s~ to an automorphism of M belonging to G. By the definition of $1 we may 

assume that  0: ( x , i , j )  --~ (x, 1 - i , j  + 1) or 0: ( x , i , j )  -+ (x, 1 - i , j  + 3) and, if 

z ~ x, then 0: ( z , i , j )  --+ ( z , i , j )  or o: ( z , i , j )  -+ ( z , i , j  + 2). Replacing o by 0 3 

if necessary, we may assume that  o: (x, i , j )  --+ (x, 1 - i , j  + 1). 

On the other hand, 0 2 is trivial for all fibres (y, i) ¢ (x, ,) ,  and sends (x, i , j )  

to (x, i, j -t- 2). Conjugating a 2 by (f we have a similar automorphism in G for 

any x E Z. This creates (topologically in G) all automorphisms of the kernel. 

Multiplying a by an appropriate automorphism of the kernel we obtain ~x. This 

finishes the proof. | 

4.3. FINITE AXIOMATIZABILITY. Notice that  the question stated in the be- 

ginning of the section is connected with the (absolute) finite axiomatizability 

issue. 

Indeed, assume that  a finite cover ~r: M -+ W has a sentence 9 such that  (i) 

{9} U T h ( W )  axiomatizes the cover, (ii) if T ~ is a sufficiently large finite subset 

of T h ( W )  and W'  ~ T ' ,  then W I extends to a model of 9. Then it is clear that  

if M is finitely axiomatizable, then W is finitely axiomatizable too. 

As we noticed above properties (i) and (ii) can be lost in very natural  situations. 

On the other hand, it is unknown if finite axiomatizability of the cover implies 

finite axiomatizability of the base (at least in the case of Nl-categorical theories). 

We now show that  a very similar question for Cayley graphs has the negative 

answer. 

If  the Cayley graph FG of a finitely generated group G = (gl . . . . .  g~> is con- 

sidered as a unary algebra (with functions + -1 gi (x) = xgi and g~(x)  = x9 i , 
i _~ n), then FG is axiomatizable by sentences of the form Vx(t (x)  = t~(x)) or 

Vx(h(x)  ~ h'(x)) ,  where t, t ' ,  h, h' are terms. If F c  has an axiomatization where 

the set of sentences of the second form is finite, then we say that  FG is f in i t e ly  

a x i o m a t i z a b l e  m o d u l o  p o s i t i v e  s en t ences .  It  is shown in [16], [17] that  this 

condition is equivalent to the existence of a t h r e a d i n g  tup le :  a finite set of 

elements wl . . . . .  u,k C G \ (1} such that  every non-trivial cyclic subgroup of G 

meets the conjugacy class of some wi. 
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Example: There exists a finitely generated group G1 and a homomorphism G1 --+ 

G inducing a finite cover of the corresponding Cayley graphs, where FG1 is finitely 

axiomatizabte modulo positive sentences, but Fc  is not. Let G1 be the group 

defined in Theorem 31.5 of the book [22]. The group C1 has a central cyclic 

subgroup K of order n and G 1 / K  is canonically isomorphic to G = B(m,  n), the 

free m-generated group satisfying x n -- 1 (for appropriate n and m the group G is 

infinite). I fg  E C~ \ K  then the power gn belongs to K \ { 1 } .  This means that the 

elements of K form a threading tuple and Fcl  is finitely axiomatizable modulo 

positive sentences. Since K is central in C1, the action of K on FG1 preserves 

each fibre gK (identified with the corresponding subset of the Cayley graph). It 

is clear that the natural map Pc1 --+ Fc  is a cover with kernel N. Theorem 39.2 

of [22] implies that for any finite sequence gl . . . . .  gl E G there exists a non-trivial 

normal subgroup not containing gi, i < I. This obviously implies that C does not 

have a theading tuple and the structure Pc  is not finitely axiomatizable modulo 

positive sentences. | 

Notice that such an example is impossible in the direction base ~ cover. 

Indeed, for a suljective homomorphism p: C1 --+ G with finite H = Kerp, a 

threading tuple for C1 is just the union of the cosets gH forming a threading 

tuple of G. 

This can be developed as follows. Let 7r: F1 -+ P c  be a finite cover of Fc ,  

where F1 is a transitive structure of bounded valency and KerTr is finite. Then 7r 

induces a surjective homomorphism p: G1 = Ant(F1) -+ G with finite H = Kerp.  

If Fc  is finitely axiomatizable modulo positive sentences then, as we have already 

noticed, C1 has a threading tuple. 

We now show that if the base Fc is finitely axiomatizable, then so is the cover. 

It follows from [1] (or [16], Theorem 3) that the Cayley graph of a finitely 

generated group G is finitely axiomatizable if and only if C is finitely presented 

and has a threading tuple. Assume that  G is such a group. Since H is finite, 

G1 has a threading tuple. A finite set of relations that  determine C1 is obtained 

from the words determining G (including x • x -s)  by interposing letters from H 

for all appropriate substitutions. We also add all relations of H. As a result we 

have that C1 is finitely presented. Since C1 = Aut(F1) and C1 is countable, the 

stabiliser of a point must be finite. This means that there is a number t such 

that the Cl-stabilizer of a t-ball is trivial. For this t we define F1 as in Section 

1.3. Then the action of C1 on f'~ is regular. This yields that the Cayley graph of 

G1 is interdefinable with F1. The former is finitely axiomatizable by [1]. | 
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5.1. NICE ENUMERATION OF STRONGLY MINIMAL GROUPS. It is shown in [18] 

that  any disintegrated strongly minimal structure of a finite language can be 

considered as a structure of bounded valency. Thus many results of the paper  

work for disintegrated strongly minimal structures in general. On the other hand, 

the methods of Section 2 must be substantially modified if one wants to use them 

in the non-disintegrated case. The reason for that  is the following fact (where we 

admit  that  a group can have some extra structure). 

THEOREM 5.1: Let G be a locally modular, strongly minimal group having a 
nice enumeration; then G is w-categorical. 

Proof: Let Go be the subgroup of all algebraic elements. Since G has a nice 

enumeration, Go is finite. It suffices to show that  the algebraic closure in G is 

locally finite; then any countable model of Th(G) has a countable dimension and 

by a theorem of Baldwin and Lachlan Th(G) is countably categorical. I t  is known 

that  G is abelian and the algebraic closure of G is the linear dependence with 

respect to the division ring D(G,O) of acFq(O)-definable quasi-endomorphisms 

([23], Chapter  4). Such quasi-endomorphisms define endomorphisms of G/Go 
and G/Go is a (left) vector space over D(G, 0). So we should prove that  D(G, O) 
is finite. 

Suppose that  D(G, O) is infinite. We start  with the case when there is a tuple 

f3 C acleq(O) such that  the elements of D(G, 0) definable over 1~ form an infinite 

subset (denoted by D(b)) .  It  is easy to see that  D(i~) is a subring which is a 

division ring too. We now need the following claim. 

CLAIM: The multiplicative group of an infinite division ring K does not satisfy 
the ascending chain condition for subgroups. 

Proof: Indeed, in the case of characteristic 0 the field of rationals is embedded 

into the center of K.  It  is well-known (and easy) that  Q* has an infinite ascending 

chain of the type: Z < Z 2 < Z 3 < . . . .  

Let K be of characteristic p and Fp be the prime subfield. If K is not algebraic 

over Fp, then Fp(z)  is embedded into K.  The group Fp(z)* has an infinite 

ascending chain of subgroups too (using primes of Fp[z]). 

Let K be algebraic over Fp. Since Fp is in the centre, for any c ~ Fp the 

subring Fp[c] is finite (and is a commutat ive division ring by Proposition 7.1.2 

of [19]). By a theorem of Kaplansky (that the multiplicative group of a non- 

commutative division ring is not periodic, Corollary to Theorem 7.12.3 in [19]) 
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K is commutative. Since an infinite abelian locally finite group has an ascending 

chain of subgroups, the claim is proved. | 

Since D(b) is infinite, by the claim we find Ho < H1 < -.., an infinite chain of 

subgroups of D(la)*. Let l~t, l < s, be the Aut(G)-conjugates of 6 and H.~ consist 

of the corresponding conjugates of quasi-endomorphisms from Hi. 

Let F be a field. Consider the right permutation module FG over FAut(G). 
By [3] it suffices to show that  FG does not satisfy the ascending chain condition 

for submodules. For each i E w define 

Vi ---- { ~ j E s a j w j  E FG: there is a decomposition 

~,jE5ajwj : ~ j E s a l j w j  + " ' '  -~- ~jEsasjWj such that 

(Vl <_s)(VkES)(E{ao: (wj + Go) E H~(wk + Go)}= 0)}. 

We admit here that some atj can be 0. Notice that V/ is a (right) submodule 

of FG. Indeed, the closedness under + is obvious. On the other hand, if a¢ E 

FAut(G) and E~ajwj E V/then (Esajwj)(a¢) = E6aaj(wj)O and for any i, k E 5, 

(wj)¢ E H~(wk)¢ e+ wj E H~wk, where !~¢ = bin. This guarantees that  

(E,~ajwj)(a¢) E Vi. 
It is easily seen that V/C V/+I and V/~  V/+I. This yields that  the ascending 

chain condition for right submodules in FG does not hold, a contradiction with 

[3]. 
Consider the case when for all tuples 1~ E acl~q(O) the subring D(b) is finite 

(then D(I~) is a field). Find an infinite ascending chain of subfields D(bi) (we 

may assume that every bi is a subtuple of 1~i+1) and their conjugates D(I~) (now 

the number si of conjugates depends on i). We define submodules V/ as above: 

Vi = {Eje6ajwj E FG: there is a decomposition 

E j e 5 a j w  j = E j e s a l j w  j + . . .  + Eje~as l jwj  such tha t  

(Vl_< s)(Vk E 5)(E{alj: (wj+ Go) E D (i~)* (Wk + Go) }= 0) }. 

The condition V/ C Vi+l follows from the fact that quasi-endomorphisms defin- 

able over l~ are definable over any extension of the form 1~+1; so a decomposition 

guaranteeing Eje~ajw j E V/ also guarantees ~ j E s a j w j  E V/+I. The rest is as 

above. | 

This theorem shows that  the method of nice enumerations cannot be applied 

in many natural situations. Is there any non-disintegrated Nl-categorical but 
not No-categorical structure having a nice enumeration? The theorem above 

suggests that  if M is a locally modular Rl-categorical structure, then the answer 
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is negative. A natural  way of proving this is to show that  some strongly minimal 

set interpretable in M has locally finite algebraic closure. Since strongly minimal 

sets are non-orthogonal, then we would see that  its dimensions in any countable 

model of Th(M) are countable and by a theorem of Baldwin and Lachlan Th(M) 
is countably categorical. 

Buechler's coordinatization theorem (Proposition 2.5.9 in [23]) implies that  for 

any a E M there exists c E acleq(a) of rank 1. Let D be a strongly minimal 

set determined by tp(c/O). By a theorem of Hrushovski (Proposition 5.2.4 in 

[23]) the geometry associated to p is projective or affine over a division ring. In 

the latter case by Proposition 5.2.3 from [23] there exists a minimal group G 

acl(O)-definable in D eq and the algebraic closure of G is the linear dependence 

with respect to the division ring of acl(O)-definable quasi-endomorphisms. 

However, the argument of the theorem above does not work for projective 

or affine spaces (for example, Corollary 3.6 of [3] states that  the permutat ion 

module of 1-dimensional affine space over the rationals satisfies the acsending 

chain condition for submodules). Moreover, we cannot even guarantee that  D 

and G above have nice enumerations. Indeed, it is not clear how to define a nice 

enumeration for a structure definable in M eq (it can be difficult even in M k if 

we do not have a length hmction as in Section 3). The following questions arise 

in these considerations: 

- Is there a projective space over an infinite division ring having a nice 

enumeration? 

Is there an affine space over an infinite division ring having a nice 

enumeration? 

Some partial  answers are given in Section 5.2. 

We finish this subsection with a fact concerning the case when the structure is 

not locally modular. This has been found by the referee. We need the following 

definitions from [15]. Let T be an lql-categorical theory and A, B be subsets of the 

universal domain C. The set B is f in i t e ly  g e n e r a t e d  ove r  A if B --- dcl(AUBo) 
for some finite B0. The set B is n o r m a l  o v e r  A if it is invariant with respect to 

Aut(C/A). A finite simple group S is i nvo lved  in T if there are A, B C_ C with 

B finitely generated and normal over A, such that  G is a composition factor of 

Aut(B/A).  If  additionally A is finitely generated over a model of T then we say 

that  G is strongly involved in T. In [15] Hrushovski has proved that  if T is not 
locally modular then alternating groups Alt,~ of arbitrary large rank are strongly 
involved in T. Using the method of this theorem we shall prove the following 

proposition. 
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PROPOSITION 5.2: Let M be a countably saturated,  non-locally modular, 
strongly minimal structure. Then M does not have a nice enumeration. 

Proof'. Since M is not  w-categorical (otherwise it is locally modular ,  [23], 

Chapte r  2), the algebraic closure on M is not locally finite. This means tha t  

we may assume tha t  there exists a tuple ~ in M such tha t  acl(?) is infinite. 

Adding some parameters  from acl(?) and repeating the proof  of Proposi t ion A 

in [15] (and Section 5.3.2 from [23]) we can show tha t  for any n there exists a 

strongly minimal subset C(b) _c M 2, defined over l)~ with rk(b/?) = n such tha t  

if b' is an independent from b realization of tp(t)/~) then the following properties 

hold: 

(a) the s t ructure  (C(b) 71C(b'), acl) is a pregeometry  of dimension n - 1 or n, 

(b) there exists an independent subset X of C(b) n C(b')  of size n - 1 such tha t  

Aut(M/Obb', {X})  induces Sym(X)  on X.  

Take b' as above. Extending ~ by l) and some subtuple b" C b' with rk(b"/~) = 
n - 1 we obtain a tuple fin, and a formula Cn(hn,x,y) such that  for any t, non- 

algebraic over ~n, the set of all realizations of Cn (hn, t, y) is a finite set which 

is transitive with respect to Aut(M/ft~t) and contains a subset X of size n - 1 

such tha t  Aut(M/ft~t, {X}) induces Sym(X)  on X (we may also assume tha t  

any element of X is not algebraic over ~n). Then Aut(M/ft~t) has a composit ion 

factor isomorphic to Alt,,_l. 
Suppose tha t  M has a nice enumeration. For n E a~ take the nice subset 

Wl . . . . .  wk containing ~.~ as above such tha t  wk is the first element non-algebraic 

over .~n. Let 1/)~ be the set of realizations of ¢ ~ ( ~ ,  wk, y). Then the least ele- 

ment  of Vk is enumerated after wk. By strong minimali ty if the group induced 

by A u t ( M / w l , . . . ,  Wk,Wk+l) on Vk does not have Alt~_l as a composit ion fac- 

tor, then wk+l E acl(Wl . . . . .  wk). Let t~  be the orbit of wk+l with respect to 

Aut(M/Wl . . . .  , wk). Let G be the group of all permutat ions  on Vk x V~ induced 

by Aut (M/wl  . . . . .  wk). Since the pointwise stabilizer of V~ is a normal  subgroup 

of G without  Altn-1 as a composit ion factor (and G/Gvk has Altn_l as a com- 

position factor), the group induced by G on V~ (~- G / G ~ )  induces Altn-1 as a 

composit ion factor. 

If  the group induced by Aut(M/Wl, . . . ,wk,Wk+l)  on 1/~. has Altn-1 
as a composit ion factor, then we consider if this holds for the group 

A'ut(M/wl . . . . .  wk, Wk+l, wk+~). Continuat ing this argmnent  we find a nice sub- 

set Wl . . . . .  w k , . . . ,  w~ such tha t  wt+l G acl(w~,.. . ,wt) and the group induced 

by Aut(M/w~ . . . . .  wt) on the corresponding orbit  of w~+~ has Alt~_~ as a com- 

position factor. Now find infinite sequences l~ < l~ < . - .  and n~ < n~ < . . .  



Vol. 137, 2003 CAYLEY GRAPHS HAVING NICE ENUMERATIONS 103 

such tha t  any Ant(M/w1 . . . . .  wt~) induces on the corresponding orbit  of Wl~+l 

a group having Att, ,  as a composi t ion factor and wi thout  composit ion factors 

isomorphic to Alt~j, i < j.  It  is easy to see tha t  the pairs ({wl . . . . .  wz~}, wh+l) 

form an anti-chain contradict ing nice enumerability. | 

5.2. NICE ENUMERATIONS OF AFFINE AND PROJECTIVE SPACES. Let D be a 

division ring, n C co and AGL(n, D) be the group of affine t ransformations of the 

right vector space D ~, i.e., the permutat ions  of the form 2 --+ 2A + ~,, where A 

is a nmtrix over D and 2A is defined by matr ix  multiplication. Let FL(n, D) be 

the group of all semi-linear t ransformations of D"  and H(n, D) be the group of 

all scalar matrices in FL(n, D) (considered as semi-linear t ransformations with 

respect to the corresponding inner au tomorphism of D).  The group GL(n,D) 

of all linear t ransformations of D ~ is defined as the centralizer of H(n, D) in 

FL(n, D). Linear t ransformations are considered as matrices. Then the action 

of the group PGL(n, D) = GL(n, D)/Z(GL(n, D)) on the right projective space 

Pn-~(D) is also defined by right multiplication of matrices (since GL(n, D) cen- 

tralizes H(n, D), the definition is correct). 

We star t  with the case when D is the union of an infinite chain of division 

rings. The following general lemma covers this case for bo th  spaces. It  has been 

suggested by the referee. The proof  generalizes the previous argument  of the 

author  in the case of affine spaces. 

LEMMA 5.3: Let a permutation structure (G, X)  be the union of a sequence of 

substructures (G~, Xi) with Xi C_ Xi+l and Gi = G{x,). Assume that there are 

as , . . . ,  a,~ c X1 such that for every i the condition Al_<j_<mg(aj) c Xi implies 
g E Gi. Then (G, X) does not have a nice enumeration. 

Proof'. Let xl ,  x2 . . . . .  x~ . . . .  be an enumerat ion of X.  Let B be the set of all 

elements b such tha t  some Xi includes all predecessors of b in the enumerat ion but  

b c Xi+l  \ Xi. We may assume tha t  all b E B are enumerated after al  . . . .  , am. 

I t  is easy to see tha t  B is infinite. 

Suppose that  bl C B is enmnerated before b2 E B and Xt has the proper ty  

tha t  b2 C Xt+l \ X t .  If  g E G takes bl to b2 then g takes some at with l _< m to 

some Xs with t < s. Since g(al) has the number  greater than  the number  of b2 

we see tha t  the nice pair defined by bl cannot  be mapped  to the nice pair defined 

by b~. This shows tha t  there is an infinite anti-chain of nice pairs. | 

THEOREM 5.4: Let D be the union of an infinite chain of division rings 

Fo < . . .  < F~ < .... Then the permutation structures (AGL(n,D), D ~) and 
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(PGL(n, D), Pn-I(D)) do not have a nice enumeration. 

Proofi To apply the lemma in the case of affine spaces consider (AGL(n, D), D n) 
as the union of spaces (AGL(n, Fi),F~). Let r E F1 \ {0,1} and al  := 

(1, 0 , . . . ,  0), a2 := (0, 1 , . . . ,  0) . . . .  , an :--~ ( 0 , 0 , . . . ,  1), an+l :~- (r, 0 , . . . ,0) ,  
an+2 = (0, r , . . . , 0 ) , . . . ,  a2n ---- (O,O,...,r). Now it is easy to see that  if for 

a transformation • -+ ~A ÷ ~ the matr ix  A or the vector ~ contains an element 

from D \ Fi, then one of the vectors (0 , . . . ,  1 , . . . ,  0)A ÷ 5 or ( 0 , . . . ,  r , . . . ,  0)A + 

(for an appropriate place) contains an element of D \ Fi. 

In the case of projective spaces notice that  any space Pn-1 (Fi) can be naturally 

embedded into P~_I(D) by a map  which assigns to a 1-dimensional subspace 

of F/n its extension to a 1-dimensional subspace of D n. To describe groups 

G~ = G{x~) (where all Pn-l(Fi) are considered as Xi) notice that  Z(GL(n, D)) -= 
Z(H(n, D)). Then the subgroup 

PeL(n ,  Fi) D := eL(n,  Fi)Z(S(n,  D))/Z(GL(n, n)) < PGL(n, D) 

has a natural  (right) action on Pn-i(Fi). Consider (PGL(n, D), P~-I(D)) as the 

union of spaces (PGL(n, Fi) D, P~-I(Fi)). Let al ,  a 2 , . . . ,  5n be subspaces of D n 
generated by (1,0 . . . .  ,0), (0, 1 , . . . ,  0 ) , . . . ,  (0, 0 . . . . .  1) respectively. Let the next 

(~) elements an+l,  an+2 . . . .  denote all subspaces generated by elements of the 

form (0 . . . .  ,0, 1 , 0 , . . . ,  0, 1, 0 , . . . ,  0). 

To verify the assumptions of the lemma consider a transformation 2 -+ 2B 
such that  for any scalar matrix C over Z(D), BC ~ GL(n, Fi). Then there are 

bj,k, bl,m E B such that  for any d E Z(D), {bj,kd, bl,md} ~t Fi. Indeed, find 

bj,k, bl,m E B such that  one of the following conditions holds: for any d E Z(D) ,  

bj,kd, bt,md ¢ Fi or there is d e Z(D) with bj,kd E Fi and bt,md ~ Fi (if in 

the latter case there is d' E Z(D) with {bj,kd',bt,md'} c Fi then (d')-ld = 
(bj,kd')-lbj,kd E Fi and bt,md = bt,mdt(d')-ld e Fi). If j = l, then 5jB 
Pn-I(Fi) with respect to the embedding into Pn-I(D). If j ¢ l and ~mB E 
Pn-l(Fi) for all 1 <_ m _< n, then there is an element a~+tB, 1 _< t, which does 

not belong to Pn-l(Fi). | 

COROLLARY 5.5: If D is not finitely generated over the prime subfield (for 
e.xample, has an infinite transcendental degree over the prime subfield), then 
the permutation structures (AGL(n, D), D n) and (PGL(n, D), Pn-I(D) ) do not 
have a nice enumeration. 

The corollary shows that  the case when D is a division ring finitely generated 
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over the pr ime subfield is basic in the problem. In the affine case we can find 

some fur ther  restrict ions in te rms  of valuations.  

A v a l u a t i o n  o f  a f ie ld  K i n t o  R U {oc} is a m a p  v: K --+ R ,  satisfying 

- v(1) = 0 and {x: v(x) = co} = {0}; 

- v ( a b )  = + 

- + b) > mi (v(a), v @ ) .  

A family of valuat ions (I) of K has the s t r o n g  a p p r o x i m a t i o n  p r o p e r t y ,  if 

for any finite subfamily  { v l , . . . ,  v~} C (I) and any sequences a l , . . . ,  an E K,  and 

ei E vi(K),  1 < i < n, there exists a E K such tha t  v i (a -a i )  = ei and v(a) > 0 for 

any v E q ) \  { v l , . . . , V n } .  In  the commuta t ive  case, if R is a Dedekind domain,  

then  there exists a family (I) of discrete valuat ions of the field of quotients  K 

having the s t rong approx imat ion  p roper ty  such t ha t  R is the intersection of the 

corresponding family of  valuat ion rings and (I) is almost finite: for any a E K the 

set of ¢ E (I) wi th  ¢(a)  # 0 is finite [25]. This  mot iva tes  the following theorem.  

THEOREM 5.6: Let D be a finite extension of a field K ,  which is central in 

D. I f  K has an infinite almost finite family of non-trivial valuations, then the 

permutation structure (AGL(n,  D),  D n) does not have a nice enumeration. 

Proof: Let d l , . . . ,  d .  be  a basis of D over K .  Since (I) is a lmost  finite there 

exists a cofinite subfamily  q)' C_ (I) such tha t  for any pair  di, dj and any ¢ E (I)' if 

didj = cad1 + . . .  + cndn, ci E K,  then ¢(ck) = 0, k < n. Take any r E K \ {0, 1}. 

We may  assume tha t  ¢ ( r )  = 0 for all ¢ E 0 ' .  

Let  as, as . . . .  ,5k . . . .  be an enumera t ion  of D n. Let bl be a vector  f rom D "  

containing a coordinate  sl  of the form ~-:~i<n cidi, where ¢1(ck) < 0 for some 

Ck and some Cx E (I)'. The  vector  bl can be chosen so t ha t  no vector  from 

D n enumera ted  in 5 1 , . . . ,  bl before 1)1 includes an element s = ~-]~i<~ c~di where 

¢1(c~) < 0 holds for some i. We also assume tha t  the vectors  

(1,0 . . . . .  0),(0,1 . . . .  , 0 ) , . . . , ( 0 , 0  . . . .  , 1 ) , ( r ,  0 . . . .  ,0 ) , (0 ,  r , . . . , 0 )  . . . .  , ( 0 ,0  . . . .  , r )  

are enumera ted  before bl. Similarly, choose b~ = ( . . . ,  s2, • • .), s2 = ~-~i<_~ ci "di, 
.¢. ICtt~ assuming tha t  for some ¢2 E ¢ '  and  i _< n, q,2~ i t < 0 and b2 is the first vector  in 

the enumera t ion  ~1 . . . .  , b2 . . . . .  where ¢2 has this p roper ty  for some coordinate.  

The  existence of such b2 and ¢2 follows f rom non-tr ivial i ty  and a lmost  finiteness. 

A na tura l  procedure  continuing this choice provides an infinite sequence 

bl . . . .  , bt . . . .  inducing an infinite anti-chain of nice pairs.  Indeed,  if a t rans-  

format ion  ~ -+ 2A + ~ takes bi onto bj (we may  assume tha t  i < j ) ,  then by the 

choice of ¢ ' ,  an element m with Cj (m) < 0 must  occur in the d-decomposi t ions 
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of the elements of the ma t r ix  A or of the vector  ~. Then  one of the vectors 

( 0 , . . . ,  1 . . . . .  0)A + 8 or (0 . . . . .  r , . . . ,  0)A + fi (for an appropr ia te  place) contains 

a coordinate  with Cj (q) < 0 for some coefficient in the el-decomposition. This 

contradicts  the choice of bj. | 

COROLLARY 5.7: Let D be a field. Then the permutation structure 

( A G L ( n, D ) , D ~ ) does not have a nice enumeration. 

Proof: If  the s t ruc ture  has a nice enumerat ion,  then  by Corol lary 5.5 there are 

two possibilities: char(D) = 0 and D is a finite extension of some Q(X1 . . . . .  Xn),  

0 < n, or D is a finite extension of some F v ( X :  . . . . .  Xn),  1 < n. The  cases are 

considered in the same way. The  ring K ( X b . . . ,  Xn-1)[X~] is a Dedekind domain  

and now Theorem 5.6 works. If  D is a finite extension of Q then  Theo rem 5.6 is 

applied to the family of p-valuations,  p E 7r~. | 
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